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Sesquilinear A-form and Bilinear A-form
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Abstract. In this paper, we introduce and investigate the concepts of sesquilinear A-
forms and bilinear A-forms, which extend the classical notions of sesquilinear and bi-
linear forms to modules over C*-algebras. Rigorous definitions for both left and right
sesquilinear A-forms, as well as bilinear A-forms, are provided together with illustrative
examples. Several structural properties of these A-forms are established, including their
relationships with corresponding quadratic A-forms and inequalities analogous to the
Cauchy—Schwarz inequality. The results presented here form a foundational framework
for further research in A-valued functional analysis and operator theory.
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1. Introduction

In mathematics, a sesquilinear form [11, 2, 3, 8, 12, 6] is a generalization
of the bilinear form, which in turn generalizes the inner product in Euclidean
space. Sesquilinear forms play a crucial role in the theory of linear operators on
Hilbert spaces and appear in various areas of analysis. For example, sesquilin-
ear forms are used in finite measures on o-algebras, positive definite kernels on
Banach spaces, and positive linear functionals on (Banach)*-algebras [13, 5].

Sesquilinear forms play a central role in functional analysis and operator the-
ory, as they generalize the classical notion of bilinear forms and provide the
analytical foundation for studying operators on Hilbert spaces. A bilinear form
is linear in each argument, while a sesquilinear form is linear in one argument and
conjugate-linear in the other. The term sesquilinear originates from the Latin
prefix sesqui- meaning “one and a half,” indicating the asymmetric linearity in
its arguments.
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A fundamental example of a sesquilinear form on a complex vector space V'
is a mapping
S:VxV—C,

which is linear in one argument and conjugate-linear in the other. Sesquilinear
forms appear in various contexts of mathematical physics, spectral theory, and
geometry. They are used, for instance, in defining positive definite kernels, in
describing finite measures on o-algebras, and in the study of linear functionals
on Banach *-algebras.

In the present work, we extend this notion from vector spaces over C to A-
modules over a C*-algebra A. We define and analyze left and right sesquilinear
A-forms, as well as bilinear A-forms, and derive several identities and inequalities
analogous to those in the classical theory. These generalizations allow the study
of forms taking values in a noncommutative algebra rather than in the field of
complex numbers, thereby broadening the scope of sesquilinear form theory to
include operator-valued settings.

2. Sesquilinear Form on a Vector Space

Definition 1. [11], [4] Let H be a vector space over C. A mapping S : Hx H —
C is called a sesquilinear form on H if for all f,g,h € H and a,b € C, the
following conditions hold

(1) S(af +bg,h) = aS(f,h) +bS(g, )

(2) S(f.ag+0bh) =aS(f.g) +bS(f,h),
If condition (1) holds without complex conjugation, then S is called a bilinear
form on H. In particular, every sesquilinear form in a real vector space is a

bilinear form.
Condition (1) is equivalent to the following two properties

(1) S(f+g7h) - S(fvh) +S(gvh)

(2) S(af,g) =aS(f,9)

Similarly, condition (2) is equivalent to

(1> S(fag+h):S(f7g)+S(fvh)

(2) S(f,ag) =aS(f,9)
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Definition 2. [10] A sesquilinear form S on H is said to be Hermitian if for
every f,g e H:

S(f,9)=S(9,f)

Remark 1. [10] A sesquilinear form S on a real vector space is automatically a
bilinear form.

Definition 3. [11] A Hermitian sesquilinear form is called non-negative if
S(f,f) >0 foradllfeH,
and it is called positive if
S(f,f) >0 forall f e H with f #0.

Example 1. [11] For each (m € N)(N = {1,2,3,...}), let C™ denote the com-
plex vector space of the m-tuples f = (f1, fa,--., fm) of complex numbers, with
the addition defined by

f+g:(fl +glaf2+g2a'°'afm+gm)7

and scalar multiplication by a € C given by

af = (afi,afa,...,afm).

If (ajk)j k=1, m s a complex m x m matriz, then

S(f,9) = > k=1 ik figk for f,g € C™
defines a sesquilinear form on C™.

Example 2. [11] Let C|0, 1] denote the complex vector space of continuous func-
tions on [0,1]. For a continuous functions r : [0,1] — C,define

S(f,9) = Jy f(@)g(@)r(z)dz f,g € C0,1].

This form is Hermitian if and only if r is real-valued. It is non-negative if and
only if r(z) > 0 for all x € [0,1]; and it is positive if and only if r(x) > 0 for all
x € [0,1] and r does not vanish identically on any nontrivial interval.

Definition 4. [13] Given a sesquilinear form S on H, the map q : H — C defined
by q(f) = S(f, f) for each f € H, is called a quadratic form on H generated by S.
For each quadratic form q, q(af) = |al?q(f) for all f € H, a € K, in particular

q(af) = q(f) for every a € K if |a] = 1.
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Definition 5. [4] A function B : V x V. — C is a bilinear form on V if it is
linear in each variable, when the other variable is fized

(1) B(aqvy + agve,w) = a1 B(vi,w) + asB(ve,w) for all vi,ve,w € V and
a1, 00,6 C

(2) B(v,Brwi+Baws) = B1B(v,wy)+P2B(v,wa)  for allv,wi,we €V and f1, 52 € C

Remark 2. [4] An inner product on a real vector space is a bilinear form. How-
ever, an inner product on a complex vector space is not, since it is conjugate-linear
in the second component rather than strictly linear.

Example 3. [4] For V = C|a,b] the space of continuous functions, the bilinear
form o(f,g) = ff f(x)g(x)dz is defined for all f,g € V.

Definition 6. [9] A bilinear form B on V is symmetric if
B(v,w) = B(w,v) vV v,weV

Definition 7. [9] If B is a symmetric bilinear form on V, then q: V — C given
by q(v) = B(v,v) is called a quadratic form generated by B.

Example 4. [9] If B is an inner product on a real vector space, then the quadratic
form is q(v) = ||v||%.

Theorem 1. [14] Let H be a complex vector space, S be a sesquilinear form on
H, and q the quadratic form generated by S. Then for all f,g € H:

S(f.9) = Ha(f +9) — a(f — 9) +iq(f +ig) —iq(f —ig)}.

Theorem 2. [14] Let S be a sesquilinear form on a vector space H, and let q
be the corresponding quadratic form on H. Then for all f,g € H:

q(f +9) +a(f —g) =2[a(f) +q(g)]-

Theorem 3. [14] If S is a non-negative sesquilinear form on H, and q denotes
the quadratic form generated by S, then for every f,g € H the following Schwarz
inequality is satisfied

N |=

1S(f,9)| < la(f)a(g)]-
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3. Sesquilinear A-form

Definition 8. Let X be a C-vector space and A be a C*-algebra. A left A-vector
space is a C-vector space such that for all u,v,€ X and a1,a2 € A the following
conditions are satisfied

(1) (a1 4+ a2)u =aju+agu  where a,b € A,u € X

(2) a1(u+v) =au+av wherea € A,u,v € X

(3) lyu=u€ X  where 14 is the identity element of A
(4) aj(a2)u = (a1a2)u  where a,b € A,u € X

Definition 9. A left sesquilinear A-form on a vector space V over a field A is a
map A4S :V xV — A that satisfies

(1) aS(vi, w1 +w2) =4 S(vi,w1) +a S(vi, w2)

(2) aS(avi,w1) = asS(vi,wy)

(3) aS(vy,awy) =4 S(vy1,wr)a* vV v,wi, € V,a € A.
Example 5. Let A be a C*-algebra and define 4S5 : A x A — A by

AS(f,9) =Afg* where f,ge A, A€ C(A#0).
This is a left sesquilinear A-Form.
Proof.
(1) aS(f,g+h) = Af(g+h)* = Af(g"+h") = Afg"+Afh* =4 S(f,9)+aS(f, ).
(2) aS(af.9) = Maf)g" = (Ma)fg" = a(Afg") = aaS(f, g).

(3) aS(f,ag) = Af(ag)” = Mf(g"a*) = (\fg*)a* =a S(f,g)a".

Example 6. Let X =C", A= M, (C")

AS(z,y) = zy* where y* = (j



Proof. We show that 4S(ax,z) = asS(x,z)

L.H.S: zS(azx,2) = (azx)(2)"

ail  ai2

ar — az1 Aa22

Anl Aan2
D j—1 G157,

(ax)z" = | Zj=192i%5 | (5
Z?:I'a”jxj

R.H.S= asS(x,2) = axz* = arz’

T
€2
xZT = . (51 29
T,
aip a2
a1 a2
a(zz') =

Gnl Aan2
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n
' aym;
a1n 71 Z] 1%19%7
a T
o 2 = | 2o agw;
a T ’
" " D1 Gy
i ayzi)z (30T anjr)ze (>oj=1 a125)%n
(i azgx)z (20T azjwj)ze (>oj=1 a2T5)%n
Zn) =
(g anjzi)zr (307 anjxj) 2 (X1 anjx;)zn
T1Z1 T122 T1Zn
B T2Z1 T2 T2Zn
zn) =
Tzl TnpZo Ty Zn
G1n T1Z1 T1Z2 T1Zn
a2n ToZ1 X223 T2Zn
Ann TpZl TpZo TnZn
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i ez (i aywy)ze - (3 a15%) %
(Ciiazizi)a (Xjog gz - (D)L aziz)) %
a(zz’) =
n = n = n —
(X1 anjmi)z (Xoj—y angzs)Z2 <o (D0jq GnjT;)Zn

Hence, the equality holds. =4 S(ax,z) = aaS(x, z)
We also need to prove that 45(z,az) =4 S(x,z)a*

L.H.S: 4S(z,az) = z(az)*

n
.
ailr aiz - Gip 21 21 0157
ag1 Q22 -+ Q42 z2
az= | . . . - T = | Xz
anl Ap2 - Qpp Zn 2?21 (nj2
(a2)* = (az)" = (X1 a152 Yy—102% -+ D5y GnjZ))
Then
X1
* x2 n o — no — [ —
w(az) = | | (Xjo1 @57 21027 o 2o OnjZ)
Tn
iz (i aF)m - (X072 Gnjzy)2
Qi ayzee (i amz)we - (X Gn;Z;) T2

i aZ) e (X521 25%)an -+ (3ojo GnjZy)Tn




163

T T121 X122 -+ T1Zn
x2t = :B(Z)T = 2 (51 Zo e Z_n) = AR 2
Ty TnZ1l Tpl2 - Tpin
T1Z1 T1Z2 - T1Zn ai1 G211 cc Qpl
2(2)T(a)" = ToZy WT2Zy v T2Zp aiz G2 v Ap2
TnZl TpZ2 - TpZn A1lp A2n " Apn

Qi agz)en (307 a2j7)7

(Z;g aijz;) 2 (Z?:l (2j %) 2

i@z (3072 @257)Tn

(Z?:l (njZj) 21

(=1 @njzj) w2

(Z;l:]. an] Z])wn

Then we find that 45(x,az) =4 S(z,2)a*

Definition 10. A right sesquilinear A-form on a vector space V over a field A
is a map Sa:V XV — A satisfying:

(1) SA(vl,wl + w2) = SA(Ul,U)l) + SA(Ul,wg)
(2) Sa(via,wi) = a*Sa(vi,wr)
(3) Sa(vi,wia) = Sa(vi,w1)a  for all vi,w1, € V,a € A.

Example 7. Let A be a C*-algebra and define S4: Ax A — A by
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Sa(a,b) = Xa*b where a,be A\ € C(A#0).
This is a right sesquilinear A-Form.

Proof.

(1) Salfsg+h) =Af"(g+h) =AM g+ f*h) = Af*g+ Af*h
= Sa(f,9) + Salf, h).

(2) Sa(fa,g) = Afa)'g=Xa*f*g=a*(\f*g) = a*Sa(f,g).

(3)  Salf,ga) = Af*(ga) = AM(f*g)a == Sa(f,g)a.

Definition 11. A sesquilinear A-form on a vector space V over a field A is a
map aSa:V XV — A which satisfies:

(1) aSa(cvr,wr) = caSa(vi,w1) and aSa(vi,cwi) =4 Sa(vi,wr)c*
(2) aSa(vic,wr) = cSa(vi,wi) and 2Sa(vi, wic) =4 Sa(vi,wr)e
(3) aSa(vi +vo,w1) =4 Sa(vi,w1) +4 Sa(ve, w1) and
ASa(vi, witwz) =4 Sa(vi, wi)+aSa(vi,ws) forall vi,ve, w1, wy € V,ce€

A.

Example 8. Let A be a left and right sesquilinear A-Form. If Sy : Ax A — A
1s defined by

Sa(a,b) = Xa*b aS(a,b) = \ab* where a,be A, A€ C(A#0).
Then, this is a sesquilinear A-Form.

Proof.
(1) aS(af,g) = Maf)g" = (Xa)fg" = a(Afg") = aaS(f,9)
AS(f,ag) = Af(ag)™ = Af(g7a”) = (Afg™)a” =a 5(f, g)a".
(2) Salfa,g) = A(fa)'g = Aa"f*g = a™(Af*g) = a"Sa(f. 9).

Sa(f,ga) = Af*(ga) = M(f*g)a == Sa(f, g)a.
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() Salfsg+h) =Af"(g+h) = Af g+ f"h) = Af*g+ Af*h
= Sa(f,9) +Salf, h).

Salf+g,h) = Mf+9)"h = Mf*+g")h = Af*h+rg"h = Sa(f, h) +Sa(g, h).

AS(fig+h) =Af(g+h)" = Af(g"+h") = Afg"+ Afh" =4 S(f,9) +aS(f, D).

AS(f+g,h) =X f+g)h* = XNfh*+gh*) = Afh*+ A gh* =4 S(f,h)+4S(g,h).

Definition 12. A right bilinear A-form on a vector space X over a filed A is a
map Ba : X x X — A which satisfies the following:

(1) Ba(az +by,z) = aBa(x,y) + bBa(x, 2)

(2) Ba(x,ya+ 2zb) = Ba(z,y)a + Ba(z, 2)b.

This means that a bilinear A-form is left A-linear in the first and it is right

A-linear in the second.

Example 9. let X =C", A= M,(C")

By(z,y) = xy.

Proof. We show that Ba(ax,y) = aBa(x,y)

L.H.S:Ba(azx,y) = axy

ailp a2 - Aln 11 12
agy gy -+ Az | | w1
ar =
anl Aap2 - GOpn Tnl Tn2
n n
D Go1 QT D a1
n n
(az)y = | 2oj=102iTj1 D j1 02,5

n n
D i1 GngTil D AnjTj2

n
> i1 @141
Tin Jj=1"13"]

Ton n
— | Xj=1 a2jzhn

Tnn n ey
Zj:l GnjTj1

S
=1 15T jn

Y11 Y12

n Y21 Y22
Zj:l 25T jn . .

Ynl Yn2

n
Zj:l GnjTjn

n i .
Zj:l a15Tj2

n . .
Zj:l 25T 52

n . .
Zj:l OnjTj2

Yin
Yan

Ynn

n
2 j=101Tjn

n . .
Zj:l a25Tjn

n . .
Zj:l AnjTjn
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PORIETLTD DI O DHIRE 1) BED DI SRR 11/ D D/ IRY O DAPE 1) BEEERIND DS SRR SV1 /M DU O DUIE 1)
D g aziyin oy (i i) iy gy 2oy (O Ti) e Doy a2i¥in oy (30, %)

axry =

D it Ang¥it 2oy (O0iy i) Doi Ang¥i2 Doy (Doi X)) Doy @ng¥in 21 (30 i)

R.H.S= aBy(x,y)

11 12 -t Tin Y11 Y12 - Yin
T21 X22 - X2n Y21 Y22 - Yon
BA(:E7y) = .
Tnl In2 - Tnn Ynl Yn2 " Ynn
n n n
D1 TUYA D1 T2 D1 T1Yn
n n n
Ba(z,y) = | 2j=1 T2y 2jo1 Togyi2 oo Dlio1 T2Yn
n n n
Doim1 Tng¥il Dojo1 TnglYiz o Diiq TngYin
n n n
Sy S iy o S 21
—1 215Yj -1 215Yj —1 215Y;
ail a2 - Qip J J J
a1 a2 -+ A2p n n n
aBa(z,y)=| . . . . D=1 TuYA DG T2t D51 T2Yin
anl Qp2 -+ QApn

n n n
Doim1 Tng¥il Dojo1 Tngl¥iz o Diiq TngYin



Then
iy 2 (00 wi) 0 argye 2oy (0 %)

Dy a2y 2h g (i ) Doioy aziyye >y (D0, i)
aBa(z,y) = .

D i Wng¥in 2 gy (oiy i) Di—y @nglia D5y (Diy i)

Then we get Ba(ax,y) = aBa(z,y)
We also need to prove that Ba(z,ya) = Ba(x,y)a

L.H.S:= B(x,ya) = zya

11 T12 ' Tin Yyir Y12 o Yin
21 X22 vt X2n Y21 Y22 0 Yon
zy=| .
Tnl ITn2 - Tpn Ynl Yn2 - Ynn
n n n
Di—1 TYIL 21 Y2t D1 T1iYn
n n n
py = | 2je1 Y Doio Tz o Do T2Yin
n n n
Di—1 Tng¥il 2ij—1Tng¥ie ccc Doi—1 TnjYin
n n n
Doim1 Y 21 T2 e 21 T1iYin a1y an
n n n a1 a2
Tya = Zj:l T25Yj1 Zj:l L25Yj2 - Zj:l L25Yjn

’ Gnl  Gn2
n n n n n
D i1 Tng¥il Doioq Tng¥iz D i1 TnjYin
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D1 @1iYin Doy (3o i)
D i1 @2iYin 25—y (D5 i)

Z?:1 AnjYjn 2?21(2?:1 Tj;)

A1n
Q2n



168

Do g >y (0 yii) iy Tage 3 (30 Vi)

Tya =

D wagagy 3oy (DT yii)  2ojo wajage d iy (30 Yii)

D i1 Tng it 2oy (30 Ygi) Do Tngage Doy (300 Vi)

R.H.S= Ba(z,y)a

T11 T12 Tin
T21 T22 Ton Y21
Ba (.13, y) =
Tnl Tp2 Tnn
n n
ijl L15Y51 ijl T15Yj2
n n
Bua(z,y) = | 2j=1%2jY1 D j1 L2552

n n
D1 TglYit Qi1 TnjYj2

Y11

Yin
Yon

Ynn

n . .
Ej:l L1jYjn

n . .
Zj:1 T25Yjn

n
Zj:l LnjYjn
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n n
Zj:l T15Y51 Zj:l T15Y52

n . .
Zj:l L15Yjn

ai
n o n o n o a21
By(z,y)a = Zj:l 25Yj1 Zj:l L25Y;52 Zj:l L2jYjn
n o o n o n o anl
Zj:l TnjlYjl Zj:l LTnjlYj;2 Zj:l TnjlYin
i mgag >y (i vi) 2 agage iy (30 Vi)
Ba(z.y) i wajaq 2 (i i) D wajage D05y (301 Yii)
AT, Y)a = .

D i1 Tagagn 35y (D5 Vi)

D1 Tagage 35 (305 i)

Thus we obtain that Ba(z,ya) = Ba(z,y)a

D1 T1gin >y (30 Vi)

D1 Tngn 251 (i Yii)

a12
a22

An?2

Aln
a2n

Ann

D1 Tragn 25y (325 Vi)
Z?:l L2jAjn 22:1(2?21 Yji)
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Definition 13. Let AS be a left sesquilinear A-form on H. A map q4 : H —

A defined by qa(x) =4 S(z,x) for each x € H s called the quadratic A-form
introduced by aS.

Theorem 4. Let 4S5 be a left sesquilinear A-form on a vector space H, and let
ga be the corresponding quadratic A-form on H. Then for all o, 8 € H

[aS(a, B)I| < lga(e) - ga(B)]

N

Proof.
04 < qa(a—caf) =a S(a—caB,a—caf)

=4 S(o, ) +4 S, —caf) +4 S(—caB, ) +4 S(—caB, —caP)
Then

04 <a S(a,a) 44 S(a,B)(—ca)* 4+ (—ca)aS(B,a) + (—ca)aS(B, 8)(—ca)*
= qa(a) +a S(a, B)(—ca)* + (—ca)aS(B,a) + (—ca)qa(B)(—ca)*
= qa(a) +a S(a, B)(ca)*(=1)*(—ca) aS(B, @) — caqa(B)(ca)* (1)

= qa(a) —a S(a, B)(ca)*(—ca)aS(B, a) + caqa(B)(ca)*

Let cq = AqSA((aﬁ’f).
04 < ga() —a S(a, Y250y a8ed) g(5 o) 1 4500) (5)(aSled)e
_ AS(a,B8)(aS(,B))* S(eB)(aS(@B)* | aS(a,B)(aS(,B))*
= qa(a) — 225G T — A2 L O
_ laS@I? _ llasS(a.B)|? laS(a,B)]?
= qa(a) — G AqA(B) T am
Then
LaS@BI? « hich gives the required result || 49 < 3
) S g4 (a) which gives the required result || 4S(cv, )| < [ga(@) - qa(B)]=.

Proposition 1. A mapping oS : V — A is called a semi quadratic A-form on
an A-vector space V, if for all f,g € V and a € A, the following hold:

(1) pa(af) < llallpa(f)
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Proof.
since pa(f) = v/TaS(F, )l
Pa(af) = [aS(af,af)| = lalaS(f, £))a*|| = [a(aSZ(f, F))aS2(f, fla*|
= l@laS3 (£ M) alaSH (£ DN = laaSE(F )2
= palaf) = [a(aS3 (£, )] = palaf) < lallla(aS3(f, £))SZ (£, D)
= pa(af) < [lallpa(f).

(2) pa(f+9) <pa(f)+paly); AS(g, f) = aS(f,9)

Proof.

PA(f+9) = laS(F+g, F+ ) = 1|aS(f, ) +aS(f,9)+aS(g, /) +4S(g,9)||
= [[aS(f, /) +aS(f,9)+aS(f.9)+45(g,9)
=|aS(f, f) + +2ReS(f,9) +4 S(g.9)|

< aS( DI+ 11459, 9 + 2[[aS (S, 9)

[NIES

= [|aS(f, NIl + 1459, 9) I + 2(pa(f) - palg))
< NaSCL O+ 1aS(g, 9l +pa(f) - paly)
= p4(f)+0%(9) +2pa(f) -palg) = (pa(f)+pal9))?
= pa(f +9) < pa(f) +palg)-

(3) pa(f) >0 forall f #0

Proof.

Since pa(f) = \/|aS(f, f)I > 0 then pa(f) >0



171

Proposition 2. If ps is a semi-quadratic A form on V, then for all f,g € V
and a € A, then

pa(f —9) = lpa(f) — palg)ll-

Proof. Using the triangle inequality:

pa(f) =palf —g+g) <pa(f—g)+palg)
So that

pa(f) —palg) <palf—9)
Similarly, pa(g) = palg — f+ f) <palg— f) +palf); which yields

—(pa(f) —palg)) <palg—f)

Thus, pa(f —g) > |lpa(f) —pa(g)ll. Also by a similar method we can proof the
inequality pa(f +g) = [[pa(f) — pa(9)|l

Proposition 3. If p4 is a semi quadratic A-form on V', then for all f,g € V
and a € A:

PAf +9) + 5 (f —9) < 2(pa(f) +palg))?.
Proof.

PAf+9) +5A(f = 9) = 1aS(f + 9. f + ) +[aS(f =g, f = 9)I
= [[aS(f, /) +a4 S(f,9) +4 S(g. f) +a 5(g,9)|
HaS(f, ))+aS(f.—9)+aS(=g, f)+aS5(—g,—9)|
< NaSU NN+ aS 9N+ 1145 (g, HI+ 11459, 9)l
FAS O+ aSC, 9) (=) + [[(=1) aS (g, )
+[1(=1)a5(g, 9)(=1)"]|
= [aS(f, DI+ S DI+ 1(aS (S, 9) [+ 1145 (g, 9)
FASC HIFNaS S DI+ aS(F 9)* 1 +145(g, 9

=2[|aS(f, NI +2[aS(g, 9)[| + 4[| aS(f, 9]
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=2[¢%(f) + a5 (9) +2qa(f) - qa(f)] = 2[qa(f) + qa(9))?

= 2[pa(f) +palg)]® -

Hence, p%(f + 9) + 4 (f — 9) < 2(pa(f) +palg))*.

Proposition 4. Let pa be a semi quadratic A-form on V and 4S be a left
sesquilinear A-form. Then for all f,g € V:

Proof.

PA(f +9) + 4 (f +ig) < APA(f — g) + ip4(f — ig)]

1A +9) + 4 (f +ig) + A (f — 9) + ip’(f —ig)]
= §llaS(f + 9. f +9)l = [1aS(f =g, f = 9)]
+ilaS(f +ig, f+ig)ll — i aS(f —ig, f —ig)]l]
= 1llaS(f, ) +4 S(f,9) +4 S(g, f) +4 S(g,9)ll
—NaS(f, f) +aS(fi—g) +aS(—g,f) +aS(—g,—9)|
+ill AS(f. f) +a S(f.ig) +a S(ig, f) +a S(ig, ig)l|
—il|aS(f, [)+aS(f, —ig)+aS(—ig, f)+aS(—ig, —ig)]|]
= 3[1aS(f, )+ S(f,9) +a S(g, [) +a S(g,9)]
—aS(f, /) +aS(f,9)(=1)"+(=1)aS(g, f)+(=1)aS (9, 9)(—1)"]|
+illaS(f, £)+aS(f,9) (@) + (i) aS(g, £)+(8) aS(g, 9) ()"l
—illaS(f, /) +a S(f, 9)(=i)* + (=) aS(g, f)
+(=1)a5(g, 9)(=1)"|]
< FUaSCE NI+ 148 D) +11aS (g, HII+145(g, )| = 1aS (. )]

—aS(f, 9l = 1aS(g: HIl = [145(g, 9| + illaS (S ]
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+illaS(f, 9)lli+i*[| 4S8 (g, N+l aS(g, ) li—i aS (S, £

—i[[aS(f, 9)lli = *[aS(g, )]l = i*|aS (g, 9)i] < 0a

Thus we obtain: p%(f + g) + ip%(f +ig) < 4[pA(f — 9) + v’ (f — ig)]

Using the same approach, we can prove that i[pQA(f +9) — p4(f — 9) +ip4(f +
ig) — ipi(f —ig)]* < 0a

Proposition 5. Let py be a semi quadratic A-form on V and AS be a left
sesquilinear A-form. Then for all f € V:

A+ 1) =AU = 1)+ i (F +if) — i (f —if)] =4 (f + /)
Proof.
PR+ 1) =03 = 1)+ 4 (f +if) + +ipi (f —if)]
= HaS(f + 1o f + DI =4S = £, £ = Dl
+illaS(f +if, f+if) = illaS(f = if, f—if)l]
= 1IaS(f, £) +a S(f, ) +a S(F £) +a S, )
S ) Fa S =) +aS(—f, f)+aS(—f.— D)
+illaS(f, ) +a S(F,if) +a S(if, f) +a SGfif)|
—illaS(f, ) +aS(f.—if)+a S(=if. f)+aS(=if, —if)]
= 3IaS(f, £) +a S, 1) +a S, ) +a S D)
—[aS(f, ) +a S D=1+ (=1)aS(f, ) + (=1 aS(f, ) (1)
+illaS(f, F)+aS(f, @+ aS(f, )+ aS(f, @)
—illaS(f, £) +a S(f, (=) + (=) aS(f, f) + (=) aS(f, ) (=8)"]]]
= L4AS(f I = [14S(f ) +a S (=D* —a S(f, ) —a S, £)(=1)7]|
+illaS(f, F)+aS(f, @) +i(aS(f, ) +i(aS(F, 1))l
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—illaSCf, ) +aS(f (=) =i(aS(f, ) =iaS (S, ) (=0 ]

= 1[I4aS(f. O +illaS(f. f) —a S(f. )i+ i(aS(f, £)) = iaS(f, £))ill
=il aS(f, ) +a S(f, )i = i(aS(f, £)) = i(aS(f, f))ill]

= 4GS N+ i20aS U = ill2a8 U, O = 1aS U, O = P4 )

Proposition 6. Let pa be a semi-quadratic A-form on V and aS be a left

sesquilinear A-form. Then for all f,g,h € V:

N

PA(f+9) +p4(f +h) < (PA(f) +p

Proof.
PaA(f +9) +4(f +h) = 1aS(f +g.f + ) + |aS(f + R, [+ 1)

= [aS(f, f) +a 5(f,9) + (aS(f,9))" +a 59,9

S ) +a S(Fh) + (aS(f, )" +aS(h, A

< [[aS(f; )+ 2Rel|aS(f, 9l + 4S5 (g, 9)

HAS I+ 2Rel[aS(f, R)I + [|aS(h, B

= P4 () +2qa(f)qa(9)+1%(9)+P4 (F)+2qa(f)ga(h)+p% (h)

(pa(f) +pa(9))® + (pa(f) + pa(n))?

Theorem 5. Let H be a complex vector space, S is a left sesquilinear A-form
on H, and q4 the quadratic A- form generated by S4. Then for all f,g € H:

AS(f,9) = 1{aa(f +9) — aa(f — 9) +iqa(f +ig) —iqa(f —ig)}.
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Proof.

Expanding each term gives:

qa(f+9) =a S(f+g,f+9) =a S, [) +aS(f,9) +a S(g, f) +a S(g,9) (1)

—qa(f—9) = —aS(f—9,f—9) = —aS(f, f)+aS(f,9)+a5(g, f)—aS(g,9) (2)

=AS(f, f) +a5(f,9)i" +i(aS(g, f)) +i(aS(g, 9))i"
iqa(f +1ig) = i(aS(f, f)) +i(aS(f,9))i* +*(aS(g, f)) +*(aS(g,9))i*

= i(aS(f, 1) +i(aS(f,9))i" —a S(g, f) —a S(g,9)1"
iqa(f +1ig) = i(aS(f, f)) +i(aS(f,9))i" —a S(g, f) —a S(g,9)"  (3)

qa(f—ig) =a S(f—ig, f—ig) =a S(f, f)+aS(f, —ig)+aS(—ig, f)+aS(—ig, —ig)

=A S(f? f) —A S(f?g)l* - 1(AS(g,f)) +Z(AS<gag))’L*

—iqa(f —ig) = —i(aS(f, f)) +i(aS(f,9))i" —a S(g, f) +a 5(g,9)"  (4)

Adding these four expressions and dividing by 4 yields

R.H.S = H{aa(f +9) — qa(f — 9) + iqa(f + ig) — iqa(f — ig)}

L0(uS(,9)) + 2(aS(g: ) + 2i(aS(F: 9))i* — 2(aS(g, )} =4 S(f.9)

which proves the polarization identity.
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Theorem 6. Let 4.5 be a left sesquilinear A-form on a vector space H, and let
ga be the corresponding quadratic A-form on H.Then for all o, 8 € H:

qa(a+ B) + qala — B) = 2[ga(a) + qa(B)]
Proof.

qa(a+B) + qala = B) =a S(a+ B,a+ ) +4 S(a - B,a = f)
=4 S, a) +4 S(, B) +4 5(B, ) +4 5(B, B)
+a5(a, ) +a5(, =B) +4S(=B, ) +45(—B,—B)
=a S(a,a) +4 S(, B) +4 S(B, ) +4 5(B, B)
+aS(a, ) =4 S(e, ) —a S(B,a) +45(8, 8)

= 2(45(cv, @) 4+ 2(4S8(8, B)) = 2[qa() + qa(B)]

Definition 14. Let X be an A-vector space over C. An A-normed space on X
is a map ||.||a : X — A satisfying the following conditions for all x,y € X and
reC

(1) llzl|la =04 < 2 =04.
2) [Azfla = lIMallz]la,
B3) llz+ylla <llzlla+lyla-

A-normed space is a pair (X, ||.||a) where X is an A-vector space and ||.||4 is an
A-norm on X.

Example 10. Let X be an A-vector space , define ||.||[4: X — A
[#][4 = ||l
Then (X,]|.]|a) is A-norm space.
Proof.
(1) |zlla =2 04 = ||lz]|la = 04.
(2) [[Azlla = [Az[La = [|z|La = [All|z]|a-

B) llz+ylla=lz+ylla < (2| + ly)la = |z[la + [ylla = lz]la + [yl a
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Hence, the axioms hold and (X, ||.||4) is A-normed space.

Definition 15. Let X,Y be A-normed spaces. A linear operator Ty : X — Y is
called A-bounded if there exists c4 € A such that for all x € X

[Taz]la < callz]|a-

Lemma 1. Let T be a sesquilinear A-form operator, then the operator norm of
Ty given by

T
T4 = supgex %IA = Sup|z|=1, ITaz[|1a
defines an A-norm.
Proof.

T
(1) suPyex fajrs o Lo = 04 = [Tala > 04, If [Tafla = 04 =

T
SUD e X Jaf=1 ||?;ﬁ6”1A =04 = sup |Taz|la =04 = Ta =04 .

AT, T,
(2) IMTazlla = subrex ooty s = IAISWPsex oo, T e =
IMITazlla.

(3) Now we will prove that ||(T7 + T2)z||la < |T1|la + ||T2]|a
I(T1 + T2)z]la = supjgy=1, [[(T1 + T2)z[1a
= Sup|z|=1, 1T12 + Toz|[ 14
< sup|z=1, 1T12[| 14 + sup|z)=1, 72714

= [T1]la + 2] a-

Example 11. The identity operator Ty : A — A on A-normed space is bounded
and A-norm of ||T4| = 1a

Example 12. Let the matriz A = (g )rxn-La define on operator Ty : A™ — A" by
Ta(z) = Az

where x = (&) and y = (6;) are column vectors with n and r components respec-
tively. Then T4 is linear and bounded.

Proof. We first prove that T4 is linear
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Ta(Az) = 3251 2oh—y ik - La(A&k)

= A iz1 2o ik La(ér)) = ATa(2)
Ta(z+y) = >y > ey @ik - La(§+ 0

=D Doy @ik - La(&g + Ok
=D D ope ik - LAk + ik - 1adi]
=D IRD D RNTRY FIIE D P S T JTt

=Ta(z) + Ta(y)
Now let us prove that T4 is bounded:
1 Taz||* = 327 [ohey cvir - La (&)

<SR 02 1a)3 (X, €0)3)°

=D im1 2 k=1 a%k -1 4]]|]?
= | Tuall? < & ]2 then | Taall < callall where ca = S0, S5, au - Lu.

Definition 16. Let X,Y are A-normed space and a € A such that for allx,y € A
[Ta(z, )| < llzllllyllLa

Then T4 is said to be bounded, and the expression

T N
151 = supe x ey AGHMAT = sup 14 y=ra 174 (2, 9) 1 14
is called the A-norm of S.

Theorem 7. Let Hq, Ho be Hilbert spaces and T4 : Hy X Hy — A be a bounded
sesquilinear A-form, then T4 has a representation of the form

Ta(z,y) = (Sz,y)
where S : H — Hj is a bounded linear A-form and its norm is || S| = ||Tal|-

Proof. Let y be a variable and keep x fixed.

Let Ta(z,y) = (y,2) = Ta(z,y) = (z,y) where z € Hy,x € Hy

Let S : Hi — Hs be defined as
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Sx =z

= Ta(z,y) = (Sz,y)
Now we will prove that S is linear
(S(azxy, fx2),y) = Talaxi, ra,y)
= Ta(axy,y) + Ta(Bx2,y)
= aTa(z1,y) + BTa(x2,y)
= a(Sz1,y) + B(Sxa, )

= (aSz1 + BSx2,y)

= S(axy, Bre) = aSxy + BSx. So S is linear

Ta(z,y)|| I
T = Supuxnyéomuyu;éo/a[%]

B (ST
= SUPg£04,52£04 [W]

|(Sz,Sz)[| 14
2 SUP,£0 , Sz£0a [W]

Sz|| I
= SUP, 40, S00, | i 2] = [1S]]

= || T4] > ||S|| — (boundedness)

_ I(Say)|11
1Tl = $uP, 20,4, 5020 4 [T

lSzl||lyll{ay _
< Supz;éOA,y;«éOA[W] =15

= | Tall = [I51]-

4. Conclusion

In this paper, we introduced the definition of sesquilinear on C*-algebra,
which we called the sesquilinear A-form, and we also presented the definitions of
right and left sesquilinear A-forms, bilinear A-form, and provided some examples
to illustrate our definitions. Finally, we established some important properties of
the sesquilinear A-form.
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