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1. Ââåäåíèå

�àññìîòðèì â Rn äè��åðåíöèàëüíîå âûðàæåíèå

ℓq =

4
∑

|α|=1

aαD
α + q (x) ,

ãäå x = (x1, x2, ..., xn) ∈ Rn, q (x)- âåùåñòâåííàÿ èçìåðèìàÿ �óíêöèÿ, α =
(α1, α2, ..., αn) - ìóëüòèèíäåêñ, ò.å. åãî êîìïîíåíòû αj - öåëûå íåîòðèöàòåëüíûå ÷èñëà,

|α| = α1 + α2 + ...+ αn,

Dα =
∂|α|

∂xα1

1
∂xα2

2
...∂xαn

n

,

aα - âåùåñòâåííîå ÷èñëî, åñëè |α| - ÷åòíîå, ÷èñòî ìíèìîå, åñëè |α| - íå÷åòíîå.
Îïðåäåëåíèå. Ïóñòü F (x1, x2, ..., xn) ≡ F (x) èçìåðèìàÿ �óíêöèÿ â ñìûñëå Ëå-

áåãà â ïðîñòðàíñòâå Rn. Åñëè äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà M ñóùåñòâóåò

ïîëîæèòåëüíîå ÷èñëî RM òàêîå, ÷òî âî ìíîæåñòâå {x : |x| > RM} ïî÷òè âåçäå

âûïîëíÿåòñÿ íåðàâåíñòâî F (x) ≥ M , òî ãîâîðÿò, ÷òî F (x) → +∞ ïðè x→ ∞, ãäå

|x| =
√

∑n
k=1 x

2
k.

∗
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Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

a) q (x) ∈ L2,loc (Rn) ;

b) lim
x→∞

q (x) = +∞;

c) äëÿ ëþáîãî p = (p1, p2, ..., pn) ∈ Rn, G (p) :=
∑4

|α|=1 (−i)
|α| aαp

α ≥ 0;

d) lim
|p|→+∞

G(p) = +∞, ãäå pα = pα1

1
pα2

2
...pαn

n
è |p| =

√

∑n
k=1 p

2
k
.

Ââåäåì îïåðàòîð H̃q : L2 (Rn) → L2 (Rn) ïî �îðìóëå H̃qu = lqu ñ îáëàñòüþ îïðåäå-

ëåíèÿ D
(

H̃q

)

= C∞
0 (Rn) (C

∞
0 (Rn) - ñîâîêóïíîñòü âñåõ �èíèòíûõ áåñêîíå÷íî äè��å-

ðåíöèðóåìûõ â Rn �óíêöèé). Åñëè q (x) = 0, òî îáîçíà÷èì H̃q ÷åðåç H̃0. Çàìûêàíèÿ

îïåðàòîðîâ H̃q è H̃0 îáîçíà÷èì ÷åðåç Hq è H0, ñîîòâåòñòâåííî.

Öåëü äàííîé ñòàòüè - ïðè óñëîâèÿõ a)-d) äîêàçàòü äèñêðåòíîñòü ñïåêòðà ñàìî-

ñîïðÿæåííîãî îïåðàòîðà Hq è ïîëó÷èòü ðàçëîæåíèå ïî åãî ñîáñòâåííûì �óíêöèÿì

ïðîèçâîëüíîé �óíêöèè èç ïðîñòðàíñòâà L2 (Rn).
Îòìåòèì, ÷òî ñàìîñîïðÿæåííîñòü îïåðàòîðà Hq ïîëó÷àåòñÿ èç òåîðåìû î ñàìîñî-

ïðÿæåííîñòè äè��åðåíöèàëüíûõ îïåðàòîðîâ ëþáîãî ïîðÿäêà, êîòîðàÿ óñòàíîâëåíà â

ðàáîòå [14℄.

Â íàñòîÿùåå âðåìÿ èìååòñÿ ìíîãî ðàáîò ïî èññëåäîâàíèþ õàðàêòåðà ñïåêòðà äè�-

�åðåíöèàëüíûõ îïåðàòîðîâ ëþáîãî ïîðÿäêà ( ñì., íàïðèìåð, [1℄, [5℄, [6℄, [9℄, [15-18℄).

Äèñêðåòíûé ñïåêòð ñîñòîèò èç èçîëèðîâàííûõ ñîáñòâåííûõ çíà÷åíèé êîíå÷íîé àë-

ãåáðàè÷åñêîé êðàòíîñòè è îïèñûâàåò âàæíûå õàðàêòåðèñòèêè �èçè÷åñêèõ è õèìè÷å-

ñêèõ îáúåêòîâ (êâàäðàòû ÷àñòîò ñîáñòâåííûõ êîëåáàíèé ìåõàíè÷åñêèõ ñèñòåì, ýíåð-

ãåòè÷åñêèå óðîâíè êâàíòîâûõ îáúåêòîâ è ò.ï.). Îñîáûé èíòåðåñ ïðåäñòàâëÿåò çàäà-

÷à óïðàâëåíèÿ äèñêðåòíûì ñïåêòðîì äè��åðåíöèàëüíûõ îïåðàòîðîâ (ñì., íàïðèìåð,

[3℄). Èññëåäîâàíèå ìíîãèõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè è êâàíòîâîé ìåõàíèêè ñâÿçà-

íî ñ ðàçëîæåíèÿìè â ðÿäû ïî ñîáñòâåííûì �óíêöèÿì äè��åðåíöèàëüíûõ îïåðàòîðîâ

(ñì., íàïðèìåð, [7℄, [10℄, [13℄).

Â ñâÿçè ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè äè��åðåíöèàëüíûõ îïåðàòîðîâ ÷åò-

âåðòîãî ïîðÿäêà (ñì., íàïðèìåð, [12℄) èññëåäîâàíèå äèñêðåòíîñòè ñïåêòðà ýòèõ îïåðà-

òîðîâ íîñèò âàæíûé õàðàêòåð.

2. Î âïîëíå íåïðåðûâíîñòè ðåçîëüâåíòû îïåðàòîðà Hq

Â óñëîâèÿõ a)-d) îïåðàòîð Hq ïîëóîãðàíè÷åí ñíèçó. Ïîýòîìó, íå òåðÿÿ îáùíîñòè,

áóäåì ñ÷èòàòü, ÷òî Hq ÿâëÿåòñÿ ïîëîæèòåëüíûì îïåðàòîðîì.

Îáîçíà÷èì ÷åðåç N (λ) ðàçìåðíîñòü ñîáñòâåííîãî ïîäïðîñòðàíñòâà îïåðàòîðà

Hq, ñîîòâåòñòâóþùåãî ñîáñòâåííîìó çíà÷åíèþ λ, à ÷åðåç σ∞ (L2 (Rn)) ïðîñòðàíñòâî
âïîëíå íåïðåðûâíûõ îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâå L2 (Rn). Ñïðàâåäëèâà
ñëåäóþùàÿ

Ëåììà 1. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
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(i) sup {λ ∈ (−∞,+∞) : N (λ) < +∞} = +∞;

(ii) ñïåêòð îïåðàòîðà Hq ñîñòîèò òîëüêî èç èçîëèðîâàííûõ êîíå÷íîêðàòíûõ ñîá-

ñòâåííûõ çíà÷åíèé;

(iii) äëÿ íåêîòîðîãî µ ∈ ρ (Hq), (Hq − µI)−1 ∈ σ∞ (L2 (Rn)), ãäå ρ (Hq)- ðåçîëüâåíòíîå
ìíîæåñòâî îïåðàòîðà Hq;

(iv) äëÿ ëþáîãî λ ∈ ρ (Hq), (Hq − λI)−1 ∈ σ∞ (L2 (Rn));

(v) äëÿ íåêîòîðîãî s > 0, e−sHq ∈ σ∞ (L2 (Rn));

(vi) äëÿ ëþáîãî t > 0, e−tHq ∈ σ∞ (L2 (Rn)).

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ýêâèâàëåíòíîñòè ïóíêòîâ (i) è (ii) ñì. [1℄

èëè [11℄. Èìïëèêàöèè (iv) ⇒(iii) è (vi) ⇒(v) òðèâèàëüíû. Îáðàòíàÿ èìïëèêàöèÿ (iii)

⇒ (iv) âûòåêàåò èç ðåçîëüâåíòíîãî òîæäåñòâà �èëüáåðòà (ñì., íàïðèìåð, [2℄)

(Hq − λI)−1 = (Hq − µI)−1 + (λ− µ) (Hq − λI)−1 (Hq − µI)−1 . (1)

Äåéñòâèòåëüíî, ïîñêîëüêó îïåðàòîð (Hq − λI)−1
îãðàíè÷åí, à (Hq − µI)−1

êîìïàêòåí,

òî (Hq − λI)−1 (Hq − µI)−1
êîìïàêòåí. Òàê êàê ïðîñòðàíñòâî σ∞ (L2 (Rn)) ÿâëÿåòñÿ

èäåàëîì, òî èç �îðìóëû (1) ñëåäóåò, ÷òî îïåðàòîð (Hq − λI)−1
êîìïàêòåí. Èìïëèêà-

öèÿ (v) ⇒(vi) ëåãêî âûâîäèòñÿ èç òîæäåñòâà

e−tHq = e−(t−s)Hqe−sHq .

Ëåììà äîêàçàíà.

Äëÿ èññëåäîâàíèÿ ðåçîëüâåíòû îïåðàòîðà Hq ìû ïðåäâàðèòåëüíî äîêàæåì ñëåäó-

þùóþ ëåììó.

Ëåììà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ à)-d). Òîãäà äëÿ ëþáîãî ïîëîæèòåëüíîãî

÷èñëà b ìíîæåñòâî

FHq
=

{

ψ ∈ Q (Hq) :

∫

Rn

|ψ (x)|2 dx ≤ 1, (Hqψ,ψ) ≤ b

}

êîìïàêòíî, ãäå Q (Hq) - îáëàñòü îïðåäåëåíèÿ �îðìû, ïîðîæäåííîé îïåðàòîðîì Hq.

Äîêàçàòåëüñòâî. Êðàòêîå äîêàçàòåëüñòâî ýòîé ëåììû ïðèâåäåíî â ðàáîòå [14℄.

Çäåñü äëÿ ïîëíîòû èçëàãàåì ïîäðîáíîå äîêàçàòåëüñòâî ýòîé ëåììû. Èç óñëîâèé a)-b)
ñëåäóåò, ÷òî �óíêöèÿ q (x) îãðàíè÷åíà ñíèçó. Ïîýòîìó, íå óìàëÿÿ îáùíîñòè, áóäåì

ñ÷èòàòü, ÷òî q (x) ≥ 0. Ñ äðóãîé ñòîðîíû, èç óñëîâèé c)-d) ñëåäóåò, ÷òî H0 ÿâëÿåòñÿ

ñàìîñîïðÿæåííûì è íåîòðèöàòåëüíûì îïåðàòîðîì. Ëåãêî âèäåòü, ÷òî èç íåðàâåíñòâà

(Hqψ,ψ) ≤ b âûòåêàþò íåðàâåíñòâà

(q (x)ψ,ψ) =

∫

Rn

q (x) |ψ (x)|2 dx ≤ b

è

(H0ψ,ψ) =





4
∑

|α|=1

aαD
αψ,ψ



 ≤ b. (2)
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Îáîçíà÷èì ÷åðåç

ψ̃ (p) = F [ψ (x1, x2, ..., xn)] (p) =

∫

Rn

ψ (x1, x2, ..., xn) e
i(p,x)dx1dx2...dxn

ïðåîáðàçîâàíèå Ôóðüå �óíêöèè ψ (x1, x2, ..., xn), ãäå i =
√
−1, (p, x) = p1x1 + p2x2 +

...+ pnxn.

Èñïîëüçóÿ òåîðåìó Ïëàíøåðåëÿ è �îðìóëó F [1] (p) = (2π)n δ (p) (δ (p)-�óíêöèÿ
Äèðàêà) (ñì., íàïðèìåð, [4℄, ñ. 103), èìååì:

∫

Rn

ψ̃ (p) ϕ̃ (p)dp =

∫

Rn

{
∫

Rn

ψ (x) ei(p,x)dx

}{
∫

Rn

ϕ (y) ei(p,y)dy

}

ψ̃ (p) dp =

=

∫

Rn

∫

Rn

{∫

Rn

ei(p,x)e−i(p,y)dp

}

ψ (x)ϕ (y)dxdy =

=

∫

Rn

∫

Rn

{∫

Rn

ei(p,x−y)dp

}

ψ (x)ϕ (y)dxdy =

=

∫

Rn

∫

Rn

(2π)n δ (x− y)ψ (x)ϕ (y)dxdy =

= (2π)n
∫

Rn

∫

Rn

ψ (x)ϕ (x)dx. (3)

Èñïîëüçóÿ ðàâåíñòâî (3), ïîëó÷èì:

(H0ψ,ψ) =





4
∑

|α|=1

aαD
αψ,ψ



 = (2π)n
∫

Rn

G (p)
∣

∣

∣
ψ̃ (p)

∣

∣

∣

2
dp. (4)

Åñëè ó÷åñòü ðàâåíñòâî (4) â íåðàâåíñòâå (2), òî ïîëó÷èì

∫

Rn





4
∑

|α|=1

(−i)|α| aαpα




∣

∣

∣ψ̃ (p)
∣

∣

∣

2
dp ≤ b̃, (5)

ãäå b̃ = b
(2π)n

. Èñïîëüçóÿ íåðàâåíñòâî (5) è

∫

Rn

q (x) |ψ (x)|2 dx ≤ b, ïîëó÷èì "x − p-

ïðåäñòàâëåíèå äëÿ ìíîæåñòâà

FHq
=

{

ψ ∈ Q (Hq) :

∫

Rn

|ψ (x)|2 dx ≤ 1,

∫

Rn

q (x) |ψ (x)|2 dx ≤ b,

∫

Rn

G (p)
∣

∣

∣ψ̃ (p)
∣

∣

∣

2
dp ≤ b̃

}

.

Ïðèìåíÿÿ êðèòåðèé êîìïàêòíîñòè �åëëèõà (ñì. [11, ñòð.271, Òåîðåìà XIII.65℄), çàâåð-

øàåì äîêàçàòåëüñòâî ëåììû.
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Òåîðåìà 1. Â óñëîâèÿõ a)-d) îïåðàòîð (Hq − λI)−1
êîìïàêòåí ïðè âñåõ λ ∈

ρ (Hq).

Äîêàçàòåëüñòâî. Êàê îòìå÷àëîñü âûøå, íå òåðÿÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî

Hq ÿâëÿåòñÿ ïîëîæèòåëüíûì îïåðàòîðîì. Ïîýòîìó ïî ëåììå 1 äëÿ äîêàçàòåëüñòâà

òåîðåìû äîñòàòî÷íî äîêàçàòü, ÷òî îïåðàòîð (Hq + I)−1
ïðèíàäëåæèò ïðîñòðàíñòâó

σ∞ (L2 (Rn)). Äîêàæåì, ÷òî îïåðàòîð (Hq + I)−1
ïåðåâîäèò åäèíè÷íûé øàð â êîì-

ïàêòíîå ìíîæåñòâî, ò.å.

K =
{

ψ = (Hq + I)−1 ϕ : ‖ϕ‖ ≤ 1
}

⊂ L2 (Rn)

ÿâëÿåòñÿ êîìïàêòíûì ìíîæåñòâîì. Íåòðóäíî âèäåòü, ÷òî

K ⊂ {ψ ∈ D (Hq) : ‖ψ‖ ≤ 1, ‖Hqψ‖ ≤ 1 } ≡ T. (6)

Èç íåðàâåíñòâà Øâàðöà ñëåäóåò, ÷òî ìíîæåñòâî T ÿâëÿåòñÿ ïîäìíîæåñòâîì F
(1)
Hq

:

T ⊂ {ψ ∈ D (Hq) : ‖ψ‖ ≤ 1, (Hqψ,ψ) ≤ 1 } ≡ F
(1)
Hq
. (7)

Èç ëåììû 2 ñëåäóåò, ÷òî ìíîæåñòâî F
(1)
Hq

êîìïàêòíî è ïîýòîìó â ñèëó (6) è (7) ìíî-

æåñòâî K êîìïàêòíî. Ýòî îçíà÷àåò, ÷òî îïåðàòîð (Hq + I)−1
êîìïàêòåí. Òåîðåìà äî-

êàçàíà.

Ñëåäñòâèå. Èç ëåììû 1 è òåîðåìû 1 âûòåêàåò, ÷òî â óñëîâèÿõ à)-d) ñïåêòð

îïåðàòîðà Hq ÷èñòî äèñêðåòåí.

3. �àçëîæåíèå ïî ñîáñòâåííûì �óíêöèÿì îïåðàòîðà Hq

Èç ëåììû 1 è òåîðåìû 1 âûòåêàåò, ÷òî äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà γ ïîëî-

æèòåëüíûé ñàìîñîïðÿæåííûé îïåðàòîð (Hq + γI)−1
êîìïàêòåí. Èç òåîðèè �èëüáåðòà-

Øìèäòà (ñì. [8, ñòð. 170℄) ñëåäóåò, ÷òî ñîáñòâåííîå ïðîñòðàíñòâî, ñîîòâåòñòâóþùåå

ïðîèçâîëüíîìó íåíóëåâîìó ñîáñòâåííîìó çíà÷åíèþ, êîíå÷íîìåðíî. Ñîáñòâåííûå ýëå-

ìåíòû âçàèìíî îðòîãîíàëüíû, åñëè îíè îòâå÷àþò ðàçëè÷íûì ñîáñòâåííûì çíà÷åíèÿì.

Ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé èìååò íå áîëåå îäíîé ïðåäåëüíîé òî÷êè τ = 0. Ïðåä-
ïîëîæèì, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà (Hq + γI)−1

óïîðÿäî÷åíû ñëåäóþùèì

îáðàçîì:

τ1 ≥ τ2 ≥ τ3 ≥ ... ≥ τk ≥ ... → 0 ïðè k → +∞.

Ïîñòðîèì îðòîíîðìàëüíóþ ñèñòåìó {um (x)}∞m=1 ñëåäóþùèì îáðàçîì. Óñëîâèìñÿ,

åñëè ðàçìåðíîñòü ñîáñòâåííîãî ïðîñòðàíñòâà, ñîîòâåòñòâóþùåãî çíà÷åíèþ τk, ðàâíà

pk, ïèñàòü τk pk ðàç. Ïðè ýòîì óñëîâèè ìû ïîëó÷àåì âçàèìíî îäíîçíà÷íîå ñîîòâåò-

ñòâèå ìåæäó τk è ñîáñòâåííûìè �óíêöèÿìè uk (x). Åñëè ÷èñëî ïîâòîðåíèé çíà÷åíèÿ

τk áîëüøå 1, òî ìû âûáèðàåì îðòîíîðìàëüíûé áàçèñ â ñîáñòâåííîì ïðîñòðàíñòâå äëÿ

ýòîãî ñîáñòâåííîãî çíà÷åíèÿ. Òàêèì îáðàçîì, ìû ïîëó÷àåì îðòîíîðìàëüíóþ ñèñòåìó
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{um (x)}∞m=1 îïåðàòîðà (Hq + γI)−1
, îòâå÷àþùóþ ïîëîæèòåëüíûì ñîáñòâåííûì çíà-

÷åíèÿì τm, m = 1, 2, ....
Î÷åâèäíî, ÷òî äëÿ êàæäîãî m um (x) ÿâëÿåòñÿ ñîáñòâåííîé �óíêöèåé îïåðàòîðà

Hq, îòâå÷àþùåé ñîáñòâåííîìó çíà÷åíèþ λm = 1
τm

− γ, m = 1, 2, ..., ò.å.

Hqum (x) = λmum (x) ,m = 1, 2, ..., (uk, um) = δkm =

{

0, k 6= m,

1 k = m,

è

lim
m→∞

λm = lim
m→∞

(

1

τm
− γ

)

= +∞.

Òåîðåìà 2. Â óñëîâèÿõ a)-d) {um (x)}∞m=1 îáðàçóþò ïîëíóþ îðòîíîðìàëüíóþ ñè-

ñòåìó â L2 (Rn), ò.å. äëÿ ïðîèçâîëüíîãî ýëåìåíòà f (x) ∈ L2 (Rn) ñïðàâåäëèâî ðàâåí-
ñòâî

f (x) =

+∞
∑

m=1

cmum (x) , (8)

ãäå

cm = (f, um) =

∫

Rn

f (x) um (x)dx,m = 1, 2, 3, ...,

è ðÿä (8) ñõîäèòñÿ â ñìûñëå L2 (Rn).
Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 1 äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà γ ïîëî-

æèòåëüíûé ñàìîñîïðÿæåííûé îïåðàòîð (Hq + γI)−1
êîìïàêòåí.

Òîãäà ïî òåîðåìå �èëüáåðòà-Øìèäòà î ðàçëîæåíèè (ñì. [8, ñòð. 172, Òåîðåìà 3.1℄) äëÿ

ëþáîãî f (x) ∈ D (Hq) èìååì

(Hq + γI) f (x) =
+∞
∑

m=1

1

τm
(f, um) um (x) . (9)

Îòñþäà ñëåäóåò

(Hq + γI)

(

f (x)−
+∞
∑

m=1

(f, um) um (x)

)

= 0.

Òàê êàê (Hq + γI) > 0, òî ïîëó÷àåì

f (x)−
+∞
∑

m=1

(f, um)um (x) = 0.

�àçëîæåíèå (9) îçíà÷àåò, ÷òî îðòîíîðìèðîâàííàÿ ñèñòåìà ñîáñòâåííûõ �óíêöèé

{um (x)}∞m=1 îáðàçóåò ïîëíóþ ñèñòåìó â ïðîñòðàíñòâå (Hq + γI)D (Hq). Èç ïîëîæè-
òåëüíîñòè îïåðàòîðà Hq + γI âûòåêàåò, ÷òî
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(Hq + γI)D (Hq) = L2 (Rn) .

Ïîýòîìó �óíêöèè {um (x)}∞m=1 îáðàçóþò ïîëíóþ îðòîíîðìàëüíóþ ñèñòåìó â ïðî-

ñòðàíñòâå L2 (Rn). Òåîðåìà äîêàçàíà.

Ñïèñîê ëèòåðàòóðû

[1℄ Àëèåâ À.�., Ýéâàçîâ Ý.Õ. Î äèñêðåòíîñòè ñïåêòðà ìàãíèòíîãî îïåðàòîðà Øðå-

äèíãåðà. Ôóíêö. àíàëèç è åãî ïðèëîæ., 2012, ò. 46, no. 4, 
. 83-85.

[2℄ Àõèçåð Í.È., �ëàçìàí È.Ì. Òåîðèÿ ëèíåéíûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðî-

ñòðàíñòâå. Ì.: Íàóêà, 1966.

[3℄ Áóòêîâñêèé À.�., Ñàìîéëåíêî Þ.È. Óïðàâëåíèå êâàíòîâîìåõàíè÷åñêèìè ïðîöåñ-

ñàìè. Ì.: Íàóêà, 1984.

[4℄ Âëàäèìèðîâ Â.Ñ. Îáîáùåííûå �óíêöèè â ìàòåìàòè÷åñêîé �èçèêå. Ì.: Íàóêà,

1976.

[5℄ �àñûìîâ Ì.�., Æèêîâ Â.Â., Ëåâèòàí Á.Ì. Óñëîâèÿ äèñêðåòíîñòè è êîíå÷íîñòè

îòðèöàòåëüíîãî ñïåêòðà îïåðàòîðíîãî óðàâíåíèÿ Øðåäèíãåðà. Ìàòåì. çàìåò-

êè,1967, ò. 2, no. 5, ñ. 531-538.

[6℄ �ëàçìàí È.Ì. Ïðÿìûå ìåòîäû êà÷åñòâåííîãî ñïåêòðàëüíîãî àíàëèçà ñèíãóëÿð-

íûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ. Ì.: Ôèçìàòãèç, 1963.

[7℄ Èëüèí Â.À. Ñïåêòðàëüíàÿ òåîðèÿ äè��åðåíöèàëüíûõ îïåðàòîðîâ. Ì.: Íàóêà,

1991.

[8℄ Ìèçîõàòà Ñ. Òåîðèÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Ì.: Ìèð, 1977.

[9℄ Ìîë÷àíîâ À.Ì. Îá óñëîâèÿõ äèñêðåòíîñòè ñïåêòðà ñàìîñîïðÿæåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Òðóäû ÌÌÎ, 1953, ò. 2, ñ.169-199.

[10℄ Ïîâçíåð À.ß. Î ðàçëîæåíèÿõ ïðîèçâîëüíûõ �óíêöèé ïî ñîáñòâåííûì �óíêöèÿì

îïåðàòîðà −∆+ c. Ìàòåì. ñá., 1953, ò. 32, no. 1, 
. 109-156.

[11℄ �èä Ì., Ñàéìîí Á. Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçèêè, Àíàëèç îïåðà-

òîðîâ. Ò.4. Ì.: Ìèð, 1982.

[12℄ Òèìîøåíêî Ñ.Ï. Òåîðèÿ óïðóãîñòè. Èçä. 2, �ÒÒÈ, 1937.

[13℄ Òèò÷ìàðø Ý.×. �àçëîæåíèÿ ïî ñîáñòâåííûì �óíêöèÿì, ñâÿçàííûå ñ äè��åðåí-

öèàëüíûìè óðàâíåíèÿìè âòîðîãî ïîðÿäêà: Ò.2. Ì.: ÈË, 1961.



46 À. Õ. Àçèìîâ, Ý. Õ. Ýéâàçîâ

[14℄ Aliev A. R., Eyvazov E. H. On dis
reteness of the spe
trum of a high order di�erential

operator in multidimensional 
ase, Pro
eedings of the Institute of Mathemati
s and

Me
hani
s, National A
ademy of S
ien
es of Azerbaijan, 2014, vol. 40, no. 1, pp. 28-

35.

[15℄ Kondratiev V., Shubin M. Dis
reteness of spe
trum for the magneti
 S
hr�odinger

operators, Comm. Partial Di�erential Equations, 2002, vol. 27, no. 3-4, pp. 477-525.

[16℄ Kondratiev V., Maz'ya V., Shubin M. Dis
reteness of spe
trum and stri
t positivity


riteria for magneti
 S
hr�odinger operators, Comm. Partial Di�erential Equations,

2004, vol. 29, no. 3-4, pp. 489-521.

[17℄ S
he
hter M. Spe
tra of partial di�erential operators, Amsterdam: North-Holland

Publishing, 1971.

[18℄ Simon B. S
hr�odinger operators with purely dis
rete spe
trum, Methods Fun
t. Anal.

Topology, 2009, vol. 15, no. 1, pp.61-66.

À. Õ. Àçèìîâ

Êà�åäðà ïðèêëàäíîé ìàòåìàòèêè, Áàêèíñêèé �îñóäàðñòâåííûé Óíèâåðñèòåò,

óë. Ç. Õàëèëîâ, 23, Áàêó, Àçåðáàéäæàí

Ý. Õ. Ýéâàçîâ

Êà�åäðà ïðèêëàäíîé ìàòåìàòèêè, Áàêèíñêèé �îñóäàðñòâåííûé Óíèâåðñèòåò,

óë. Ç. Õàëèëîâ, 23, Áàêó, Àçåðáàéäæàí

E-mail: eyvazovelshad�mail.ru

Re
eived 17 June 2015

A

epted 22 July 2015


