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The regularized trace formula of the spectrum of a Sturm-
Liouville problem with turning point
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Abstract. In this work, we establish the summation formula of the infinite sequence of the eigenvalues
generated by a Sturm-Liouville problem with turning points in a finite interval [0, 7].
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1. Introduction

The regularized trace formula occupied a great place in the study of ordinary differential equa-
tion. It was first obtained by Gelfand and Levitan (see [1]-[2])as they computed the trace of the
following boundary value problem

—y" + ql@)y = Ay, (1.1)
y'(0) =0, y'(m =0 (1.2)
where ¢(z) € C; [0, 7). They obtained the following formula:

Z(Mn - )‘n) =

n=0

(q(0) + g(m))

AN

)

where p,, are eigenvalues of the operator of the equation (1.1) and A, = n? are eigenvalues of
the same operator with ¢(z) = 0. following them, Gelfand performed technical method using
the trace of a resolvent to obtain traces (see [3]) and this work was continued by many authors
(see [4]-[6]). In [7] Dikii gave a proof of the Gelfand-Levitan formula in [3] and after short time
he estimated the trace of all higher orders for the Sturm-Liouville operator by constructing the
fractional powers of the operator in closed form and calculated its analytic extension for its
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zeta function see [8].After some years later, Levitan suggested one more method for computing
the traces of the Sturm-Liouville operator [9].The first paper discussed and computed a singular
differential operator with discrete spectrum was done by Gasymov [10]. The work was continued
by different method like Dirac operators, differential operators with abstract operator-valued
coefficients, and the case of matrix-valued Sturm-Liouville operators (see [11]-[15]). The author
in [16] discussed the following boundary value problem

'+ A+ ql@))y =0 0< z <m, (1.3)
y'(0)— hy(0)= 0, y'(r) +Hy(r) =0, (1.4)

where ¢(z) € C5(0,7) , h, and H are finite numbers.
Suppose that {\,}§° is a sequence of eigenvalues of Sturm-Liouville (1.3)-(1.4) have the series
Sy o= Yo — n? =C), ¢ = 2 + H + 3} [;q(z) dz) is convergent and

n=0

2
Sy = ila(0) +q(m)] — 4 — A
Many author completed this work under different conditions such as estimating the trace of
Sturm -Liouville with spectral parameter see [17]-[19].

Consider the following Sturm-Liouville problem
-y’ + ql@)y = Apx)y 0<z<nm (1.5)

y(0) =0 , ¢(m) + Hy(r) =0, (1.6)

where the non-negative real function ¢(z) has a second piecewise integrable derivatives on
(0,7) , H is positive number, A is a spectral parameter and weighted function or the explosive
factor p(z) is of the form

(1.7)

1; 0<z<a<m,
px) =

-1 a<z<m.

Our aim in this paper is to evaluate the summation of discrete eigenvalues in finite interval
of problem (1.5)-(1.6) using contour integration method as in [20], and [21] noticing that the
right hand side of our problem aries more anallytical difficulty because it contains p(z) =
+1 . Moreover according to the asymptotic formula integrations which is given in [22] we forced
to calculate more integrations to obtain the trace formula.

Following [22], we state the basic results that are needed in the following calculation. Recall
W(A\) = U(s), where s = v/), which has the following asymptotic formula

W) = Lo(s) + Li(s) | La(s) | Ls(s) <efm8|a+|R€8(”—a>> , (1.8)

s 52 53 |s|4
where

Lo(s) = —sinsasinhs(m —a) — cossacoshs(m — a),
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Li(s) = —pysinsacoshs(m —a) — pg cos sasinh s(m — a),
La(s) = —Qisinsasinhs(m —a) — Q2 cos sacosh s(m — a), (1.9)
Ls(s) = —Rjsinsacoshs(m —a)— Ry cossasinhs(m — a),
and
n = aila) + (),
p2 = 72(0)—041( )s
Q1 = asa) + @)+ ai(a)yz(a),
Q = 51(a)+73( ) — ea(a)yz(a),
Ry = pBaa) + d2(a) + a1(a)yz(a) + a1 (a)ys(a), (1.10)
Ry = —aa(a)di(a) + fi(a)ya(a).
We prove that the roots of W(s) = 0 are simple and coincide with the eigenvalues of
problem (1.5)-(1.6). The asymptotic formula for the non negative and negative eigenvalues
AE, where n = 0,1,2,3,.... have the following asymptotic formulas:
2 1\? 2k, 2\ 1 2 1 1 1
Moo= Sn—2) 2 (B I (R4 ok S5+0(—
a 4 a a n a \2m 4 n
2 1
e 2 n+1 _ 2hem (2h1 + 5ho)T 1
(m—a)? 4 T—a T—a n
27 s 1
- h2 — h hy) =+ 0O 1.11
7r—a<27r Lt 2> * (n?’) (1.11)
where
1 a
k, = — t)dt
o J, q(t)
a
ko= 55 [az(a) = d1(a) = Bi(a) — y3(a)]
a? a?(a 2a1 (a
= gglon(@) (4 - 221 4 61(0) 4 9a(0) + (o) - 20 (o))
+  Ba(a) = d2(a) — Bi(a)y2(a)]
1 ™
he = — |H dt
3 1+ o]
o= 2% (1.12)
a

m = 2(0%) () — 200 @)~ ) + 201() = 1(a) (12(@) + 25(0) — 3 ()
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~ 29(a)
(m —a)

(m—a)?
273

[m) ~ Bi(a)a(a) — 6a(a) (12(a) — 1(a) — an(a))] .

where a1, ag, 81, 82,71,72,73,01 and Jy are given by

or(o) =5 [ att) .

aa(e) =3[ att) d0? + Jla@) + q(0)L
Bia) = ([ a0 @ + Jate) — a(O)]
) = 5[ 0t a0® + Sla(©) [“ate) dt + 70) + 4@
1 s
n@) =5 [ qt)dt,
1 2/96 . (1.13)
Yolz) =H + 5 q(t) dt,
@) = 10 gy a? + 1 [T dt + () — ()
s = ([ a0 @ — jpr [Cawat + o) + g

ae) = 5[ a® an® + ([ a0 d? + g@) — am)
Sd(@) ~ ().

+
o |
a\;‘
Q
=~
N~—
I8
=
)
—~
8
N~—
+
|

2. The calculations of the trace formula

Now we prove the essential theorem of the present work which concerns calculating regularized
trace formula for Sturm-Liouville problem (1.5)-(1.6).

Theorem 1 Suppose that g(z) has a second order piecewise integrable derivatives on [0, 7] then,
in view of the introduced notations, (1.8) and (1.11), the following regularized trace formula takes
place

RITEPARORD BETESr
k=0 k=0

a* + (7 —a)*
a?(m — a)?

T™T—a

=Dy —i—Dgln[Q—i— } —l—Dgtan_l[ ]+D4ln[ @ }, (2.1)
T
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where the constants d* , d=, Dy, Do, D3 and D, are given by

dt = %/Oa q(t)dt, d- = (W__4a) [H + %/j q(t)dt},

-]
no

I
[\]
i
N
O\Q
Q
S
S~—
QL
~
N———
+
S| =
N
o\g
< =
S
S~—
QL
~
N——— 3
N
o

3
<
—~
N
QL
~
N———

(2.2)

~ Z(gla) +q(0))

Proof
To calculate the trace formula we use the familiar relation of summation of eigenvalues from the
theory of functions of a complex a variable. According to formula of ¥(s) in (1.8), we have

a 1 v’ 1
2> NN = =9 S 6 ge = L 24 In¥(s), (2.3)
k=0

2mi Jp, © W(s) 2miJp,

where the contour I'), is the quadratic contour on the s-domain as defined in [21]

T 1 T T 1 T
T, = Ttn—2)+ 2 |Ims| < B I 2.4
{|Res|< a(n 4)+2a |[Im s| 7T_a(n 4)+2(7r—a)} (2.4)

The equation (1.8) can be written in the form

U(s) = Lo(s)[1+r(s)], (2.5)

_ L (5) L (S) L (5) e|fms\a+\Res|(7r—a)
") ST R L) T L) +O< L) )

(2.6)

with L,(s), Li(s), La(s) and Ls(s) are given by (1.9). The term L,(s) holds the following
inequality from below on the contour I'j,

’LO(S)’ >C e|Ims\aL+\Res|(7rfat)7 (2.7)
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C is constant.Substituting from (2.7) into (2.6), we obtain

L1(s Lo(s L3(s 1
rs) = SLI( i) T3 2L(O()s) 3 2(0()5) +O<s_4>' (28)

(
From (2.5) into the equation (2.3), we have

- 1 1
23 A A7) = 2—m7§ FdInLo(s) + 3= 4§ s dinfl+r(s)] (2.9)
k=0 n n

moreover, the first integral given by the next formula

1 2 - o+ o—
i . ° din L, (s) = 2kzzop\k + X7 (2.10)

Since )\Zi are the eigenvalues of (1.5)-(1.6) for g(z) = 0. Integrating by part the second
integral of (2.9) we have

% ) s din ()] = 2_—7712 7? 2 [T(s) _ %ﬁ(s) + ér?’(s) + 0(3i4) ds.  (2.11)

Substituting from (2.8) into (2.11) after some simplifications we obtain,

1 9
— 1+ =
s jépn s° d In] r(s) ]

I [ Li(s) | La(s) Li(s) Ls(s)  Li(s)La(s)
Iy

+

2mi sLo(s) | s2Lo(s) 2s2L2(s)  s3Lo(s) s3L2(s)
(2.12)
1_Li() 1
+ 3513 T 9 <|5|4>] ds.
From (2.10) and (2.12), into the equation (2.9) we obtain
23 ko [()‘: - )‘Z+)] = 23 [N AT =
-1 [ L 1 L 1 L3 1 L
— I(S)dS——, 2(5) d$+— 1(5) dS——, 3(5) ds
i Jr, Lo(s) i Jp, SLo(s) 2mi Jp, sL2(s) i Jp, $2Lo(s) (2.13)

1 Li(s)La(s) 1 L3(s) 7{ 1
— ———ds — — d O —5 | ds.
+ i j{ﬂn s2L2(s) * T 3 r, s2L3(s) S T, |s]3 5
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We want to calculate each integral term of (2.13), its easy to shown that

1
y{O — lds—0 asn— oo
. \ls*

(2.14)

Now our purpose to compute six integrals of equation (2.13), starting with calculation of the

. . -1 Ll(s) . LI(S) . .
first integration 5 ¢ 755 0) ds, since 755 ) 18 odd, therefore from (1.9) we obtain
-1 Ll(s)d _ -1 Pisin sa cosh s(m—a)+P2 cos sa sinh s(w—a)d
7w JTn Lo(s) §= 7 Pr, ~ sin sa sinh s(m—a)+cos sa cosh s(m—a) §

—2 (én  Pisin (on+i§)a cosh (opn+if)(m—a)+Ps cos (on+i€)a sinh (oy+if)(m—a) d£
m J—&,  sin (on+i§)a sinh (on+i€)(m—a)4cos (on+i€)a cosh (opn+i€)(m—a)

_{_l on  Pisin (0+4i€n)a cosh (6+4i€y,)(m—a)+ P2 cos (0+i€n)a sinh (o+i&n)(m—a) d
m J—on  sin (04+i€n)a sinh (0+4i&n ) (m—a)+cos (0+i€n)a cosh (0+i&n)(m—a)

o.
After simplifying equation (2.15) becomes in the form

g Bge — 1 41

7w JT'n Lo(s)
% _ —2 rén Pitan (on+i€)a +Ps tanh (o,+i€)(r—a)
where Il - T f— n 1tan (on+if)a tani (on+i€)(r—a)+1 d§
[ = 2 (o Py tan (0+i€n)a +Po tanh (04, )(7—a) d
1 = miJ—0o, tan (0+i€n)a tanh (o+i€y)(m—a)+1 g

Noticing that I the function tan(o, + i€) is bounded while
tanh(o, +i€)(mn —a) =140 <e*2""(”*“)> ,
therefore I turned to the next form

—2 [ Py 4+ Pt '
i 2 + Pitan (on £i)a jo (o,
T J_g, tan (op+if)a + 1

By virture of the relations

cos (o, +1&)a = (_\/15)” [cosh& a — i sinh al,

sin (o, + i€)a 7\/15)71 [cosh&a + i sinh &al,

|~

Then the equation (2.18) becomes
-2

T™T—a

T= (P4 P)n+ ) + oll).

On the other hand, to estimate I{* we obtain tanh(c + i&,)(m — a) is bounded and

tan(o + i&p)a = i + O(e”%n9),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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then, I7* becomes of the form

o 2 [ Pysinh (0 +i6,)(m —a) +i Py cosh (0 +i&,)(m —a) o
V' omi ), cosh (0 +i&,)(m —a) +i sinh (0 +i&,) (7 — a)

+ o(1).
Urging as before, applying the following relations

—
3

cosh (o +i&,)(m —a) = (_\/15 [cosho (m —a) + i sinh o(m — a)]

sinh (o +i§,)(m —a) = (\/i [sinho(m —a) + i cosh o(m — a)]

to (2.22), we obtain

2 1
"= ~(Pi=P)(n+7) + o1).

7
Substitutig from (2.20) and (2.24) into (2.16), we get

L G2 1C) |:2(P1—P2) GRS

(n+ 1
p— n —
i Jr, Zo(s)

a T—a 4)

+ o(1).

In similar way, to estimate the second integral of the equation (2.13) =+ $r. SLL2O((SS)) ds

L . .
where 2251 g 6dd function, then
sLo(s) ’
-1 Lo(s) ds -1 Q1 sin sa sinh s(m—a)+Q2 cos sa cosh s(m— a)d
wi JT'n sLo(s) w3 JI'y s [sin sa sinh s(m—a)+cos sa cosh s(m—a)]

_ 72 &n Q1 sin (op+i)a sinh (on+i€)(mr—a)+Q2 cos (on+if)a cosh (on+if)(m—a) d¢
- —&n (on—+ié)[sin (on+i€)a sinh (op+if)(m—a)+cos (on+i€)a cosh (on+if)(r—a)]

42 f Q1 sin (0+i€n)a sinh (0+i&,)(m—a)+Q2 cos (c+i€n)a cosh (o+i€yn)(m—a) d
i J—op (0+i&n)[sin (0+i€n)a sinh (o4&, )(m—a)+cos (c+i€n)a cosh (o+ify)(m—a)] o

From (2.26) we get

L Ll — 4o

i n sLo(s)

_ =2 [én Q1 tan (on+i€)a tanh (on+i€)(r—a)+Q
where f n (onJlrlﬁ tan (on+i€)a tanh (on+i€)(m—a) il] dg’

X — 2 [on Q1 tan (o+i€n)a tanh (o+i&n)(r—a)+Q2 do
2 T miJ—on (0+i&,)[ tan (0+i€n)a tanh (o+i&,)(m—a)+1] :

remember that (2.17) tan (o 4+ i§,)a is bounded and using (2.17, then we obtain

-2 /5” Q1 sin (o, +i€)a + Q2 cos (o, +i€)a
e (

I = T op + 1) [sin (o, +i€)a + cos (o, +i&)a ]

d¢ + o(1).

By the aid of (2.19), after some simplifications , I becomes
9 _ 2
I, = _AQ1+ @) tan_1< ¢ ) + (@~ Q1) In [1 +— 2}
T

T m™—a (7‘(—@)

25

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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+ o(1).
Now we calculate I5*, since tanh(o + i&,)(m — a) is bounded, from (2.27) we have

-2 /U" Q2 cosh (o +i&,)(m —a) +iQq sinh (o0 4 i&,) (7 — a)

B i |, i€y [eosh (o +i€)(x —a) + 1 sinh (o + i,)(7— a)]

+ o(1).
Substituting from (2.23) into (2.30) , we have

I = _2(Q1:Q2) tan—L <$> B (Q2;Q1) In [1 n (m ;20)2] + o1).
By substitution from (2.31) and (2.29) into (2.27), we get
;—2.1 - Slgg(ig)ds = —@Q1—Q2 + Q2 ; S (r i2a)2 + o(1).
In this moment we estimate the third integral of (2.13), we have
1 L3(s) ds — L [ Py sin sa cosh s(r—a)+P; cos sa sinh s(ﬂfaé)}Q ds

2mi JTy, s L2(s) ~ 27 JT,, s [sin sa cosh s(m—a)+cos sa sinh s(m—a) |

_ 1 & [P sin (on+i€)a cosh (opn+i€)(m—a)+-Po cos (o0n+i€)a sinh (o,4i€) (7r a)] d
f n (an-l—zf sin (on+i€)a sinh (on+i€)(m—a)+cos (on+if)a cosh (on+i§)(T— a)]2 £

+_1 on [Py sin (04i&,)a cosh (o+i&, )(m—a)+Q2 cos (0+i&y,)a sinh (o+i&y,)(m—a)]? d
m J—opn (0+i€p)[sin (0+i€y)a sinh (o+ifyn)(m—a)+cos (o+ifp)a cosh (o+i&y)(T—a)]? g

After some calculations (2.33) becomes in the following form

o hehds = If + I3,
since Ty = 1 [ [BgE 4 iBghmeal’ L ge
= 2%, [“sz” + D] e o
Simplify I3 we obtain
Ij = F"n Ut de — 5 0%, S Sigae
S G e e

Compute each term in (2.35), we obtain

. 2PP | a (P — P3) a?
I3 = t l 14— 1).
3 ot 27 " +(7T—a)2 +o(l)

do

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)



The regularized trace formula of the spectrum of a Sturm-Liouville problem with turning point

In simillar way, we have
s _ 1 ron (P2—P1)? 1 ron (P3—P}) cosh o(r—a)
I3 = dmi J—0op o+i&n do + 2mi f on o0+i€, sinh o(m—a) do
1 pon (PiHPp)? cosh? o(m—a) do .
dni J—0n  o+ifn  sinh? o(m—a)

After some simplifications, we have
P? + P} - P2 - P} —a)?
7'('

I** —
3 2m a a
Substituting from (2.36) and (2.38) into (2.34), we obtain
1 Z3 P — Py)? —
— 1(8) ds = (P 2) ta’l’Lilﬂ- a4 + PP
2mi Jp, sZ2(s) s a
Pt —pr} al + (7 —a)?)
——=n|24+ ———5— 1).
* 27 et a?(m — a)? + oll)

Urging as before the fourth integral of (2.13), we have
—1 L3(s) _ 1 [ R1 sin sa cosh s(m—a)+R2 cos sa sinh s(m—a)]
T fﬁ[‘ 7 ds = — fl"n 512 [sin sa sinh s(m— a)—i—czs sa cosh s(m—a) | ds

Fo) n 82 Lo(s) i

_ =2 (én _[Ri sin (on+i€)a cosh (on+i€)(m—a)+Ra cos (on+if)a sinh (op+i)(m— a)] d

- f n (on+18)2[sin (on+i€)A sinh (opn+i€)(m—a)+cos (on+if)a cosh (o, +if)(m—a)] £
[R:1 sin (0+4i&n)a cosh (o+i€n)(r—a)+Ra cos (o+i€n)a sinh (o+i&n)(r—a)] d

+7TZ f on (0+i&n)?[sin (0+i€yn )a sinh (o+i&y ) (m—a)+cos (o+i€n)a cosh (o+ify)(m—a)] g

After some calculations equation(2.40) can be written as

:r_i1 n SZ’LE(Z)d = IZ + IZ*
where Ij= <2 [% [(By+Ra) + iRy — Ro) S| s e,

cosh o(m—a)

|:(R2 - Rl) + 1 (Rl + RQ)sinh U(W—G):| (o+l'1£n)

> do.

Kk —1 On
I4 - 7w J—on

For I} we have

« 1 n (Ry + Ry) (R; — Ry) sinh &a
i = T —¢n (op +1€)? de - _/5n (o +1€)? cosh fad£ + o(1).

by estimating the integrations in (2.42), we get

2(Ry — Ry) a® 2(Ry + R3) a*(1 — a) +o1).

f= i D@ el Pt D+ (r—a

27

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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On the Other hand, for I}* we get

1 % (Ry— Ry) i [ (Ry+ Ry) cosh &a
I = —=— ————~do — — d 1). 2.44
4 w/gn (o +1€)? 7 w/gn (o +14€)? sinh Ea o + ol) ( )

Then calculate the integrals we obtain in (2.44), we obtain

e _ 2Ry-R)a(r—a?  2AR+Ry)(x-a
I4 - 71'2(71 + i) [a2 + (71- _ a)Q] 7T2(7”L + i) [ag T (71' — CL)Q] + (1) (245)

Substituting from (2.43) and (2.45) into (2.40), we obtain

2(1(R2 — Rl) — 2(71' — CL)(Rl + RQ)

Iy = +o(1). 2.46
4 2 (n + %) 0( ) ( )
Regard as we did before we calculate the fifth integral of (2.13)
1 L
— }{ 71(28) La(s) ds =
i Jp,  s? L2(s)
1 [ P1 sin sa cosh s(m—a)+ P2 cos sa sinh s(r—a)][ Q1 sin sa sinh s(m—a)+Q2 cos sa cosh s(m—a)] d
i JTy s2 [sin sa sinh s(m—a)+cos sa cosh s(r—a) |2 $

_ =2 fﬁn |: [P1 sin (on+i€)a cosh (on+i€)(m—a)+ P> cos (on+i€)a sinh (on+i)(m—a)] ]
m J—=&n | (on+i€)[sin (on+i€)a sinh (on+i€)(m—a)+cos (on+if)a cosh (on+if)(r—a)]

% |:[Q1 sin (on+1€)a sinh (on+i€)(r—a)+Q2 cos (on+i€)a cosh (an—l—if)(ﬂ—a)}} d¢
(on+i)[sin (on+if)a sinh (on+i€)(r—a)+cos (on+if)a cosh (on+if)(m—a)]

_{_l fan [ [P1 sin (o+4i€n)a cosh (o+i€n)(m—a)+ P2 cos (c+i€n)a sinh (o+i&,)(r—a)] ]
i J—opn | (0+i€n)[sin (o+i€n)a sinh (o+i&n)(m—a)+cos (o+i&n)a cosh (o+ilyn)(m—a)]

5 |:Q1 sin (04€n)a sinh (o4&, )(r—a)+Q2 cos (o+i€n)a cosh (o+i€y)(m—a)] ] do
(o+1i€n)[sin (0+i&n)a sinh (o+i€yn)(m—a)+cos (0+i€n)a cosh (o+i&,)(T—a)] :

(2.47)
After some calculations equation (2.47) becomes
1 Ll(S)LQ(S) * *
— ——5—~—ds = 1 i
mi Jp,  s2L2(s) s 5+ ’
where
—1 (& sinh £a
I} = — P+ P. —2i(PQ, — P.
o) [( 1+ P)(Q1+ Q2) — 2i(P1Ga 2Q2)cosh£a -
sinh? a 1 2.48
—(P— P - d
(1 2)(Q1 Q2)cosh2 &J (o +1i€)? ¢
w L[ cosho(m — a)
I3 =5 . [(Pz - P1)(Q1+Q2) —2(P1Q2 + PQQI)SiHhO'(T(' — )
cosh? o(m — a) 1
+ (P + P, - . do.
i 2)(Q2 = Q) sinh? o (7 — a) ] (0 4 i&,)? 7
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For IF we have
‘ffn (P1Q1—P>Q2) sinh £a

f&n (P1+P2)(Q1+Q2) d
n (on+i8)? (on+i€)? cosh &a

En Pl )(Ql QQ) sinh? Ea
+27r f n (O'nJng) cosh? gadﬁ + 0(1)

we obtain

by calculating the integrations in (2.49),

o PG~ Q) @
T+ ) [e + (7 —a)?]

"+ Dla? + (7 — )]

On the Other hand, for I;* we get
(BP)@uts) o + L [0y (BGaEhi) o olrd

—1 [On

Ig* = 2r Jo0op, (0+i€n)?
1 (on (Pi+P2)(Q2—Qo2) cosh® o(r—a)
iz —On (U‘an)Q sinh? o'(7r—a) do + 0(1)

from which after simplifications we obtain

2(PQ2 — PQ1) a (m—a)”

5T TR D+ (r o ]

m2(n+ 1) [a® + (7 —

Substituting from (2.50) and (2.52) into (2.48), we obtain
2a(P; - P —2(m —a) (P, P,
I, = 200~ PQy) : (m : a)(P1Q2 + P2Q1) +o(1).
™ (n + Z)

Finally we evaluate the sixth integral of (2.13)
[ Py sin sa cosh s(m—a)+Ps cos sa sinh s(m—a)]? d
s2 [sin sa sinh s(m—a)+cos sa cosh s(m—a) |3 §

-1 L?(S) ds = 1
3mi JTy s2 L3(s) 77— 3mi JTy
[Py sin (on,+i€)a cosh (o,,4i€)(m—a)+ P2 cos (on+i€)a sinh (o,+i€)(m—a)]?

2(P1Q2 + PQ1) a®*(m — a) +o(1).

2 2(PIQ2 + P@1) (7 —a)? +o(1).

én
f n (on+i€)?[sin (on,+i€)A sinh (o, +i€)(m—a)+cos (on+i€)a cosh (on+i€)(m—a)]3

[Py sin (0+i&n)a cosh (o+i€,)(m—a)+ P2 cos (o+i€n)a sinh (o+iy,)(m—a)]?
; )3

On
+ﬁ ffan (o+i€n)2[sin (0+i&n)a sinh (0+i€y)(m—a)+cos (o+i€n)a cosh (o+i&,)(T—a)]

After simplification (2.54) becomes

—1 3(s) _ *
e~ Mm()ds If + If,

where

9 (én [ (Pit Po) | i(Pi—Py)sinh €a]® 1
_f n[ 12 2 -|-l 12 2 :)I;hgi] Gntid)? d§7

(P2—P1) + (P

2t 2 (o+i&n)

2 On
sinh o(r—a)

*k 2
I6 — 3w J—on

+P2) cosh 0(7r—a)}3 1 ~ do.

d§
do

29

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)
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For I§ we obtain

_ 1 (én (PitP2)3 i (én (PL—P2)(P1+P2)? sinh
= —m % Gy %~ L T e e 46
1 rén (P1+P2)(P1—P2)? sinh? a i én  (P1—P2)? sinh® ¢a
+47r f_ n (on+i€)? cosh® £a s + 121” f_ n (on+i€)? cosh® €a dg + 0(1)'

by calculating the integrations in (2.56) we obtain

[—3(P1 — P2) (Pl + P2)2 + (P1 — Pz)g] a’
672(n + 3) [a? + (7 — a)?]
[3(P1 + PQ)(Pl — P2)2 — (P1 + PQ)?’] a2(7r — a)

+ o(1).
672(n + 1) [a2 + (7 — a)?] M)
Urging as before, for I5* becomes
% _ 1 ron (P2—P1)3 i (on (P1+P2)(Po—P1)? cosh o(n—a)
I = o |, Grer Ao+ 1 ) TGt s otra)
1 o (Pa—P1)(Pi+P;)? cosh? o(r—a) do — —i_ fan (P1+P2)? cosh® og(r—a)
dr J—on (0+i&n)? sinh? o(7—a) 127 J—0n (0+i€n)? sinh® o(m—a)

from which after simplifications we get

[(Pl — P2)3 — 3(P1 — PQ)(Pl + P 2] a (7'(' — a)2
50 D+ (r—a)]
[(Pl + P2)3 — 3(P1 + P2)(P2 — P1)2] (71' — CL)3

_ 670+ D)+ (r— )2 +o(1).

sk
Ig" =

Substituting from (2.57) and (2.59) into (2.55), we get

do + o(1).

(2.56)

(2.57)

(2.58)

(2.59)

a [(Pl — P2)3 — 3(P1 — PQ)(Pl + Pg)z] — (7‘(‘ — a) [(Pl + P2)3 — 3(P1 + PQ)(PQ — P1)2]

I —
0 6m2 (n+ 1)

+o(1).

(2.60)

Substituting from (2.14), (2.25), (2.32), (2.39),(2.46), (2.53), and (2.60) into (2.13) we obtain

n

2 [ =ND] + 2> [ -]
k=0 k=0
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ZM@H'E) _ M(rﬁ-i)—Ql — Q2 + PP,

(a) (m—a)
ks SHR P a42+( (7T__ )C;)4 (BB [W - a] PL Inh) 7 . )
+ m [12(Ry — R1) + 12(P2Q2 — PiQ1) + (P1 — P)° — 3(PL — P) (P + P2)?]
1
- 6(;(7_46:)1) [12(R1 + Ra) +12(P1Q2 + P2Qu) + (P + P2)* = 3(P1 + P)(P1 — P2)°]
+o(1).

(2.61)

Letting n — oo, and by the help of (1.10),(1.12)and (1.13)we get the required formula in (2.1).
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