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Ïðÿìàÿ çàäà÷à ðàññåÿíèÿ äëÿ ðàçíîñòíîãî îïåðàòîðàÄèðàêà íà âñåé îñèÐ.È.Àëåñêåðîâ, Ã.Ì.Ìàñìàëèåâ, À.Õ.ÕàíìàìåäîâÀííîòàöèÿ. Ðàññìîòðåíà ïðÿìàÿ çàäà÷à ðàññåÿíèÿ äëÿ ðàçíîñòíîãî àíàëîãà îäíîìåðíîéñèñòåìû Äèðàêà. Èçó÷åíû ñâîéñòâà êîýôôèöèåíòîâ ïåðåõîäà íåïðåðûâíîãî ñïåêòðà.Key Words and Phrases: ïðÿìàÿ çàäà÷à ðàññåÿíèÿ, îïåðàòîðû ïðåîáðàçîâàíèÿ, îäíîìåðíàÿñèñòåìà Äèðàêà, êîýôôèöèåíòû ïåðåõîäà.2010 Mathematics Subject Classi�cations: 39À70, 47Â391. ÂâåäåíèåÐàññìîòðèì ñèñòåìó ðàçíîñòíûõ óðàâíåíèé

{

a1,ny2,n+1 + a2,ny2,n = λy1,n,

a1,n−1y1,n−1 + a2,ny1,n = λy2,n, n = 0,±1,±2, ...,
(1)â êîòîðîé âåùåñòâåííûå êîýôôèöèåíòû a1,n, a2,n óäîâëåòâîðÿþò óñëîâèÿì

a1,n > 0, a2,n < 0, n = 0,±1,±2, ...,
∑

n≥1 |n| { |a1,n −A|+ |a2,n +A| }+
∑

n≤−1 |n| { |a1,n − 1|+ |a2,n + 1| } < ∞

}

, (2)ãäå A > 0. Çàìåòèì, ÷òî ñèñòåìà ðàçíîñòíûõ óðàâíåíèé (1) ÿâëÿåòñÿ ðàçíîñòíûìàíàëîãîì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
{

a (x) dy2
dx

+ q (x) y2 = λy1,

− d
dx

(a (x) y1) + q (x) y1 = λy2,êîòîðàÿ ïðåâðàùàåòñÿ ïðè a (x) ≡ 1 â îäíîìåðíóþ ñèñòåìó Äèðàêà. Îòìåòèì, ÷òî âðàáîòàõ [1]− [2] èçó÷åíà îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ îäíîìåðíîé ñèñòåìû Äèðàêà.Ñ äðóãîé ñòîðîíû, â ðàáîòàõ [3] − [4] ïîäîáíàÿ çàäà÷à èññëåäîâàëàñü äëÿ ñèñòåìûóðàâíåíèé (1), â òîì ñëó÷àå, êîãäà A = 1. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïðÿìîé çàäà÷èðàññåÿíèÿ äëÿ ñèñòåìû óðàâíåíèé (1) ñ êîýôôèöèåíòàìè èç êëàññà (2).http://www.jcam.azvs.az 48 c© 2011 JCAM All rights reserved.



492. Õàðàêòåðèçàöèÿ äàííûõ ðàññåÿíèÿÄëÿ îïðåäåëåííîñòè ïðèìåì, ÷òî A ≥ 1. Îáîçíà÷èì ÷åðåç Γj� êîìïëåêñíóþ λ-ïëîñêîñòü ñ ðàçðåçîì ïî îòðåçêó [−A2−j , A2−j
]

, j = 1, 2. Â ïëîñêîñòè Γj ðàññìîòðèìôóíêöèþ
zj = zj (λ) = −

λ2 − 2A2(2−j)

2A2(2−j)
+

λ

2A2−j

√

λ2 − 4A2(2−j),âûáèðàÿ ðåãóëÿðíóþ âåòâü ðàäèêàëà òàêóþ, ÷òî √λ2 − 4A2(2−j) < 0 ïðè λ >

2A2−j , j = 1, 2. Îáîçíà÷èì ÷åðåç l2,2 (−∞,∞) ãèëüáåðòîâî ïðîñòðàíñòâî âåêòîð-ïîñëåäîâàòåëüíîñòåé y = {y1,n, y2,n}
∞
n=1 ñ íîðìîé

‖y‖ =

(

∞
∑

n=−∞

(

|y1,n|
2 + |y2,n|

2
)

)
1

2

,òàêèõ, ÷òî ‖y‖ < ∞. Â ñèëó (2), îïåðàòîð L, ïîðîæäàåìûé â l2,2 (−∞,∞) ëåâîé ÷àñòüþñèñòåìû óðàâíåíèé (1), îãðàíè÷åí è ñàìîñîïðÿæåí.Îáîçíà÷èì ÷åðåç {fj,n (λ)} è {gj,n (λ)} , j = 1, 2, ðåøåíèÿ ñèñòåìû óðàâíåíèÿ (1)ñ àñèìïòîòèêàìè
fj,n (λ)

(

Az1−A
λ

)j−2
z−n
1 = 1 + o (1) , n → +∞

gj,n (λ)
(

z2−1
λ

)j−2
z−n
2 = 1 + o (1) , n → −∞

} (3)Êàê ïîêàçàíî â [3] , òàêèå ðåøåíèÿ ñóùåñòâóþò, åäèíñòâåííû è ñïðàâåäëèâûïðåäñòàâëåíèÿ ÷åðåç îïåðàòîðîâ ïðåîáðàçîâàíèÿ
fj,n (λ) = α+

j (n)
(

Az1−A
λ

)2−j
zn1

(

1 +
∑∞

m=1 K
+
j (n,m) zm1

)

,

gj,n (λ) = α+
j (n)

(

z−1

2
−1

λ

)2−j

z−n
2

(

1 +
∑∞

m=1 K
−
j (n,m) z−m

2

)

, n = 0,±1,±2, ...,





(4)ïðè÷åì âåëè÷èíû α±
1 (n) , α±

2 (n) , K±
1 (n,m) , K±

2 (n,m) óäîâëåòâîðÿþòñîîòíîøåíèÿì
α±
j (n) = 1 + o (1) , n → ±∞, j = 1, 2,

K±
j (n,m) = O

(

σ±
(

n+
[

m
2

]

+ 1∓1
2

))

, n+m → ±∞

} (5)ãäå σ± (n) =
∑

±m≥±n

{ ∣

∣

∣
a1,m −A

1±1

2

∣

∣

∣
+
∣

∣

∣
a2,m +A

1±1

2

∣

∣

∣

} ,
[x]- öåëàÿ ÷àñòü x. Êðîìå òîãî,

a1,n

A
1±1

2

=
(

α±

2
(n+1)

α±

1
(n)

)±1

,
a2,n

A
1±1

2

= −
(

α±

1
(n)

α±

2
(n)

)±1

,

a2
1,n−A1±1

A1±1 = ±
(

K±
2

(

n+ 1∓1
2 ,±1

)

−K±
1

(

n+ 1∓1
2 ,±1

))

,
a2
2,n−A1±1

A1±1 = ±
(

K±
1

(

n− 1±1
2 ,±1

)

−K±
2

(

n+ 1∓1
2 ,±1

))

, n = 0,±1, ...



















(6)



50 Ð.È.Àëåñêåðîâ, Ã.Ì.Ìàñìàëèåâ, Àã.Õ.ÕàíìàìåäîâÒîãäà ïðè êàæäîì n ôóíêöèè {fj,n (λ)} è {gj,n (λ)} , j = 1, 2, ðåãóëÿðíû â ïëîñêîñòÿõ
Γ1 è Γ2, íåïðåðûâíû âïëîòü äî èõ ãðàíèö ∂Γ1è ∂Γ2, ñîîòâåòñòâåííî.Ïóñòü uj,n è vj,n - äâà ðåøåíèÿ ñèñòåìû óðàâíåíèé (1). Èõ âðîíñêèàíîìíàçîâåì âåëè÷èíó W [uj,n, vj,n] = a1,n−1 {u1,n−1v2,n − u2,nv1,n−1} . Ëåãêî âèäåòü, ÷òîïðè λ ∈ ∂Γj , λ

2 6= 4A2(2−j), j = 1, 2, ïàðû ðåøåíèé {

fj,n (λ)
} , {fj,n (λ)}è {

gj,n (λ)
} , {gj,n (λ)} îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ñèñòåìûðàçíîñòíûõ óðàâíåíèé (1), òàê êàê èõ âðîíñêèàíû ðàâíû A2

λ

(

z1 − z−1
1

) è 1
λ

(

z−1
2 − z2

),ñîîòâåòñòâåííî. Ïîýòîìó ñïðàâåäëèâû ðàçëîæåíèÿ
gj,n (λ) = a1 (λ) fj,n (λ) + b1 (λ) fj,n (λ) , λ ∈ ∂Γ1, λ

2 6= 4A2, (7)
fj,n (λ) = a2 (λ) gj,n (λ) + b2 (λ) gj,n (λ) , λ ∈ ∂Γ2, λ

2 6= 4. (8)Èç ýòèõ ðàâåíñòâ èìååì
a1 (λ) =

λW [fj,n(λ),gj,n(λ)]
A2(z1−z−1

1 )

b1 (λ) =
λW [fj,n(λ),gj,n(λ)]

A2(z−1

1
−z1)

a2 (λ) =
λW [fj,n(λ),gj,n(λ)]

(z2−z−1

2 )

b2 (λ) =
λW [fj,n(λ),gj,n(λ)]

(z−1

2
−z2)







































(9)
Ôóíêöèè aj (λ) , bj (λ) , j = 1, 2, íàçûâàþòñÿ êîýôôèöèåíòàìè ïåðåõîäàíåïðåðûâíîãî ñïåêòðà. Ñîãëàñíî ïîñëåäíèì ôîðìóëàì ôóíêöèè aj (λ) , bj (λ) , j = 1, 2,íåïðåðûâíû íà ðàçðåçå ∂Γj , çà èñêëþ÷åíèåì, áûòü ìîæåò, êîíöåâûõ òî÷åê. Áîëåå òîãî,ôóíêöèè aj (λ) , j = 1, 2, äîïóñêàþò ðåãóëÿðíûå ïðîäîëæåíèÿ â ïëîñêîñòü Γ2. Èìåþòìåñòî ñîîòíîøåíèÿ

aj (λ− i0) = aj (λ+ i0) ,

bj (λ− i0) = bj (λ+ i0) ,
− 2A2−j < λ < 2A2−j , (10)

b1 (λ) = a1 (λ), λ ∈ ∂Γ1\∂Γ2, (11)
A2
(

z1 − z−1
1

)

a1 (λ) =
(

z2 − z−1
2

)

a2 (λ) , λ ∈ Γ1

⋃

∂Γ1, (12)
|aj (λ)|

2 − |bj (λ)|
2 =

(

A2
(

z1 − z−1
1

)

z2 − z−1
2

)(−1)j

, j = 1, 2, λ ∈ ∂Γ2. (13)Èçó÷èì àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèé aj (λ) , j = 1, 2, íà áåñêîíå÷íîñòè.Òåîðåìà 1. Ñïðàâåäëèâû ñîîòíîøåíèÿ
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aj (λ) = A2n+1α+

1 (n)α−
1 (n) +O

(

1
λ2

)

=
= A2nα+

2 (n)α−
2 (n) +O

(

1
λ2

)

, λ → ∞
. (14)Äîêàçàòåëüñòâî. Òàê êàê âðîíñêèàí äâóõ ðåøåíèé íå çàâèñèò îò n, òî, ïîëàãàÿ n = 0â ïåðâîì ðàâåíñòâå ôîðìóë (9), ïîëó÷àåì

a1 (λ) = −
a1,0α

+
1 (0)α−

2 (1) z−1
2

A
(

z1 − z−1
1

) +O

(

1

λ2

)

.Ïðèíèìàÿ âî âíèìàíèå, ÷òî zj = −A2(2−j)λ−2 + o
(

1
λ2

), èìååì
a1 (λ) = Aa1,0α

+
1 (0)α−

2 (1) +O

(

1

λ2

)

= A2α+
2 (1)α−

2 (1) +O

(

1

λ2

)

,ãäå ìû ó÷ëè (6). Áîëåå òîãî, èç (6) ñëåäóåò, ÷òî âåëè÷èíû
A2n+1α+

1 (n)α−
1 (n) , A2nα+

2 (n)α−
2 (n) íå çàâèñÿò îò n è ðàâíû ìåæäó ñîáîé.Àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ a2 (λ) âûâîäèòñÿ àíàëîãè÷íî.Òåîðåìà äîêàçàíà.Â ñèëó ôîðìóëû (10) íóëè ôóíêöèè aj (λ) îáðàçóåò îãðàíè÷åííîå ìíîæåñòâî.Êðîìå òîãî, èç ôîðìóë (4), (9) ñëåäóåò, ÷òî ýòè íóëè ðàñïîëîæåíû ñèììåòðè÷íîîòíîñèòåëüíî íà÷àëà êîîðäèíàò: λk = ±νk, νk > 0, k = 1, ..., N0. Êàê è â [3], ìîæíîäîêàçàòü, ÷òî ôóíêöèÿ aj (λ)ìîæåò èìåòü ëèøü êîíå÷íîå ÷èñëî íóëåé λk, ëåæàùèõâíå ∂Γ2. Ñ äðóãîé ñòîðîíû, ñîãëàñíî (9), íóëè ôóíêöèè aj (λ) ÿâëÿþòñÿ ñîáñòâåííûìèçíà÷åíèÿìè îïåðàòîðà L. Òàê êàê îïåðàòîð L ñàìîñîïðÿæåí, òî ÷èñëà λk âåùåñòâåííû.Äîêàæåì, ÷òî ýòè íóëè ïðîñòûå.Ïóñòü

Ck =
gj,n(λk)
fj,n(λk)

, k = 1, ..., N,
(

m+
k

)−2
=
∑

n∈Z

{

f2
1,n (λk) + f2

2,n (λk)
}

,
(

m−
k

)−2
=
∑

n∈Z

{

g21,n (λk) + g22,n (λk)
}

.

(15)Òåîðåìà 2. Íóëè λk, k = 1, ..., N , ôóíêöèè aj (λ) ïðîñòûå è ñïðàâåäëèâûðàâåíñòâà
ȧj (λ)

A2(2−j)
(

zj − z−1
j

)

λ

∣

∣

∣

∣

∣

∣

λ=λk

= Ck

(

m+
k

)−2
= C−1

k

(

m−
k

)−2
, k = 1, ..., N, (16)ãäå òî÷êîé ñâåðõó îáîçíà÷àåòñÿ ïðîèçâîäíàÿ ïî λ.Äîêàçàòåëüñòâî. Ñóììèðóÿ ñîîòíîøåíèÿ

u1,nv1,n + u2,nv2,n = W [u̇j,n, vj,n]−W [u̇j,n+1, vj,n+1] = W [v̇j,n, uj,n]−W [v̇j,n+1, uj,n+1]ïðè uj,n = fj,n (λ) , vj,n = gj,n (λ) , λ = λk, è èñïîëüçóÿ (15), ïîëó÷àåì
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W
[

ḟj,n (λ) , gj,n (λ)
]

= Ck

∑

m≥n

{

f2
1,m (λk) + f2

2,m (λk)
}

= C−1
k

∑

m≥n

{

g21,m (λk) + g22,m (λk)
}

,

W [fj,n (λ) , ġj,n (λ)] = Ck

∑

m<n

{

f2
1,m (λk) + f2

2,m (λk)
}

= C−1
k

∑

m<n

{

g21,m (λk) + g22,m (λk)
}

.Ñêëàäûâàÿ ýòè ðàâåíñòâà è ó÷èòûâàÿ (9), ïîëó÷àåì ñîîòíîøåíèÿ, êîòîðûåïîêàçûâàþò, ÷òî íóëè λk ÿâëÿþòñÿ ïðîñòûìè.Òåîðåìà äîêàçàíà. Ñïèñîê ëèòåðàòóðû[1] Ãàñûìîâ Ì.Ã, Ëåâèòàí Á.Ì. Îïðåäåëåíèå ñèñòåìû Äèðàêà ïî ôàçå ðàññåÿíèÿ//Äîêë. ÀÍ ÑÑÑÐ, 1966, ò.167, No 6, ñ.1219-1222.[2] Ôðîëîâ È.Ñ. Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà íà âñåé îñè //Äîêë.ÀÍ ÑÑÑÐ, 1972, ò.207, No 1, ñ.44-47.[3] Õàíìàìåäîâ Àã.Õ. Ìåòîä èíòåãðèðîâàíèÿ çàäà÷è Êîøè äëÿ ëåíãìþðîâñêîéöåïî÷êè ñ ðàñõîäÿùèìñÿ íà÷àëüíûì óñëîâèåì //Æóðí. âû÷èñ. ìàò. è ìàò. ôèç.,2005, ò.45, No 9, ñ.1639-1650.[4] Õàíìàìåäîâ Àã.Õ. Ïðÿìàÿ è îáðàòíàÿ çàäà÷è ðàññåÿíèÿ äëÿ âîçìóùåííîãîðàçíîñòíîãî óðàâíåíèÿ Õèëëà // Ìàòåì.ñáîðíèê, 2005, ò.196, No 10, ñ.137-160.Àãèëü Õ. ÕàíìàìåäîâÁàêèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, AZ1148,ã. Áàêó, óë. Ç.Õàëèëîâà, 23Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà, AZ1141,ã. Áàêó, óë. Á.Âàõàáçàäå, 9e-mail: agil_khanmamedov@yahoo.comÃàäæè Ì. ÌàñìàëèåâÁàêèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, AZ1148,ã. Áàêó, óë. Ç.Õàëèëîâà, 23Ðçà È. ÀëåñêåðîâÃÿíäæèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, AZ2000, ã. Ãÿíäæà, óë. Õàòàè, 187e-mail: alesgerov.rza@mail.ruReceived 03 October 2016Published 31 October 2016


