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Î ñîáñòâåííûõ ïðîèçâåäåíèÿõ ìíîãîïàðàìåòðè÷åñêèõìàòðè÷íûõ óðàâíåíèé Øòóðìà-ËèóâèëëÿÀëìàìåäîâ Ì.Ñ.Àííîòàöèÿ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà âîïðîñó îá èíäåêñàõ äåôåêòà äëÿìíîãîïàðàìåòðè÷åñêèõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ìàòðè÷íûìèêîýôôèöèåíòàìè. Îñíîâíûå ïîíÿòèÿ, ìåòîäû è ðåçóëüòàòû ìíîãîïàðàìåòðè÷åñêîéñïåêòðàëüíîé òåîðèè îáñóæäàþòñÿ â ìîíîãðàôèÿõ [ñì. 1-3]. Ìíîãîïàðàìåòðè÷åñêèåñïåêòðàëüíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ è èñòîðèÿ èññëåäîâàíèé â ýòîéîáëàñòè ïðèâåäåíû â ðàáîòàõ [3] è [4].Key Words and Phrases: Èíäåêñ äåôåêòà, ìíîãîïàðàìåòðè÷åñêèé ñèñòåì, òåíçîðíîåïðîèçâåäåíèå, ìàòðè÷íûé êðóãÐàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

−y//j (xj) + Pj (xj) yj (xj) +
n∑

k=1

λkQjk (xj) yj (xj) = 0, (1)
0 ≤ (xj)<∞, j = 1, 2, ..., n,ãäå yj (xj) � âåêòîð ôóíêöèÿ ñ rj � êîìïîíåíòàìè, Pj (·) èQjk (·)−êâàäðàòíûå ìàòðèöû

rj � ãî ïîðÿäêà è ïðè ýòîì
Pj (xj) = Rj (xj) + iTj (xj) , Rj = R∗

j , Tj = T ∗
j ,è Qjk = Q∗

jk− íåïðåðûâíûå ìàòðèöû- ôóíêöèè íà ïîëóîñè [0,∞) .×åðåç y1 ⊗ ... ⊗ yn îáîçíà÷èì òåíçîðíîå ïðîèçâåäåíèå âåêòîðîâ y1, ..., yn èç
Cr1 , ..., Crn . Ñîîòâåòñòâåííî îíî ÿâëÿåòñÿ (r1 × r2 × ...× rn) � êîìïîíåíòíûìâåêòîðîì, çàâèñÿùèì îò ïåðåìåííûõ x1, ..., xn. Òåíçîðíîå ïðîèçâåäåíèåíåòðèâèàëüíûõ ðåøåíèé ñèñòåì óðàâíåíèé (1) ïðè óñëîâèè êâàäðàòè÷íîéèíòåãðèðóåìîñòè íà ìíîæåñòâå J = [0,∞)× ...× [0,∞)

︸ ︷︷ ︸

n

ñ íåêîòîðûì âåñîì, ñâÿçàííûìñ ìàòðèöàìè Qjk, ÿâëÿåòñÿ (ïî îïðåäåëåíèþ) ñîáñòâåííîé ôóíêöèåé çàäà÷è (1) .Ñ ÷èñëîì òàêèõ ëèíåéíî-íåçàâèñèìûõ òåíçîðíûõ ïðîèçâåäåíèé ñâÿçàíî ïîíÿòèåèíäåêñà äåôåêòà ìíîãîïàðàìåòðè÷åñêîé ñèñòåìû (1) .http://www.jcam.azvs.az 53 c© 2011 JCAM All rights reserved.



54 Àëìàìåäîâ Ì.Ñ.Ñêàëÿðíîìó ñëó÷àþ (r1 = ... = rn = 1) èçó÷åíèÿ êâàäðàòè÷íî èíòåãðèðóåìûõïðîèçâåäåíèé (â ýòîì ñëó÷àå òåíçîðíîå ïðîèçâåäåíèå ïðåâðàùàåòñÿ â îáû÷íîåïðîèçâåäåíèå ôóíêöèé) ïîñâÿùåíû ðàîáîòû [5,7].Ìû áóäåì ïðèäåðæèâàòüñÿ ïðåäëîæåííîãî â [7] ïîäõîäà ê ýòîìó âîïðîñó, ãäåïðè ôèêñèðîâàííîì çíà÷åíèè ìíîãîìåðíîãî ñïåêòðàëüíîãî ïàðàìåòðà λ = (λ1, ..., λn)èç íåêîòîðûõ îòêðûòûõ ïîäìíîæåñòâ Cn äàåòñÿ îöåíêà ÷èñëà âñåâîçìîæíûõïðîèçâåäåíèé îòäåëüíûõ ðåøåíèé ñèñòåìû ìíîãîïàðàìåòðè÷åñêèõ óðàâíåíèé òèïàØòóðìà-Ëèóâèëëÿ.Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî
inf {det

{
y∗j (xj)Qjk (xj) yj (xj)

}n

j,k=1
: ‖yj‖ = 1, j = 1, 2, ..., n}>0.×åðåç L2 (J,Q (x) dx) îáîçíà÷èì ãèëüáåðòîâî ïðîñòðàíñòâî (r1, ..., rn) � êîìïîíåíò-íûõ âåêòîð- ôóíêöèé, èçìåðèìûõ ïî Ëåáåãó íà ìíîæåñòâå J è êâàäðàòè÷íî-èíòåãðèðóåìûõ îòíîñèòåëüíî ïîëîæèòåëüíîé (â îïåðàòîðíîì ñìûñëå) ìàòðèöû

Q (x) = det
{
Qt

jk (x)
}n

j,k=1
,ãäå Qt

jk (x)−òåíçîðíî èíäóöèðîâàííûé îïåðàòîð â Cr1×...×rn, ñîîòâåòñòâóþùèéìàòðèöå Qjk (xj) (ýëåìåíòû èç ðàçëè÷íûõ ñòðîê ìàòðèöû Qt
jk (x)−ïîïàðíîïåðåñòàíîâî÷íûå ìàòðèöû).Öåëü íàñòîÿùåé ðàáîòû óñòàíîâèòü, ïðè êàêèõ óñëîâèÿõ ñóùåñòâóåòòåíçîðíîå ïðîèçâåäåíèå îòäåëüíûõ íåòðèâèàëüíûõ ðåøåíèé ñèñòåìû óðàâíåíèé(1) , ïðèíàäëåæàùåå ïðîñòðàíñòâó L2 (J,Q (x) dx) è äàòü îöåíêó ÷èñëà òàêèõïðîèçâåäåíèé.Ïîñòðåäñòâîì ìàòðè÷íûõ íåðàâåíñòâ îïðåäåëèì ñëåäóþùèå ïîäìíîæåñòâà Cn(ïðè êàæäîì çíà÷åíèè j) :

Λ+
j =

{

λ ∈ Cn : Tj (xj) +
n∑

k=1

(Jmλk)Qjk (xj)>0, xj ∈ [0,∞)

}

,

Λ−
j =

{

λ ∈ Cn : Tj (xj) +

n∑

k=1

(Jmλk)Qjk (xj)<0, xj ∈ [0,∞)

}

.Ïðåäïîäîæåíèå 0.1. Îòêðûòîå ìíîæåñòâî Λ =
⋂n

j=1

(

Λ+
j

⋃
Λ−
j

) íåïóñòî.Òàêèì îáðàçîì, ìíîæåñòâî Λ ìîæåò áûòü ïðåäñòàâëåíî â âèäå îá]åäèíåíèÿ 2nñâîèõ îòêðûòûõ ïîäìíîæåñòâ Nk, îïðåäåëÿåìûõ âñåâîç- ìîæíûìè ðàñïðåäåëåíèÿìèçíàêîâ, ó÷àñòâóþùèõ â îïðåäåëåíèè Λ ìàòðèö.Ýòè ïîäìíîæåñòâà èç Cn áóäóò èãðàòü ðîëü âåðõíåé è íèæíåé ïîëóïëîñêîñòåéîäíîïàðàìåòðè÷åñêîãî ñëó÷àÿ.



Î ñîáñòâåííûõ ïðîèçâåäåíèÿõ 55Ïðåäïîäîæåíèå 0.2. Ñóùåñòâóþò ìàòðèöàíòû ϕ (x, λ) è θ (x, λ) ñèñòåìû (1),óäîâëåòâîðÿþùèå óñëîâèÿì
ϕj (0, λ) = Erj , ϕ

′
j (0, λ) ,

θj (0, λ) = 0, θ′j (0, λ) = Erj , λ ∈ Λ,è òàêèå, ÷òî äëÿ ìàòðè÷íîé ôóíêöèè
ψj (x, λ) = θj (xj , λ) + ϕj (xj , λ)L.Ñïðàâåäëèâî ðàâåíñòâî

∫ xj

0
ψ∗
j (ξj, λ)Sj (ξj, λ) dξj = JmL+ L∗ML+ L∗M1 +M∗

1L+M0,ãäå Sj (ξ, λ) = Tj (ξj) +
∑n

k=1(Jmλk)Qjk(ξj). L−ïîñòîÿííàÿ êâàäðàòíàÿ ìàòðèöàïîðÿäêà rj, ìàòðèöû M è M0 ÿâëÿþòñÿ ïîëîæèòåëüíûìè äëÿ λ ∈ Λ+
j èîòðèöàòåëüíûìè äëÿ λ ∈ Λ−

j ïðè âñåõ xj ∈ [0,∞) è îíè öåëûå ãîëîìîðôíûå ôóíêöèèïåðåìåííûõ λ1, ..., λn (îäíîïàðàìåòðè÷åñêèé âåêòîðíûé ñëó÷àé èññëåäîâàí â ðàáîòå[10] .Ñëåäóþùèå ðàññóæäåíèÿ, íàðÿäó ñ îáîñíîâàíèåì ïðåäëîæåíèÿ 1,2, ñîäåðæàòíåîáõîäèìûå äëÿ äàëüíåéøåãî îáîçíà÷åíèÿ, à òàêæå äîêàçàòåëüñòâî íèæåñëåäóþùåéòåîðåìû.Ââåäåì îáîçíà÷åíèå ∥
∥
∥
∥
∥

Z
(1)
j (xj)

Z
(2)
j (xj)

∥
∥
∥
∥
∥
def

∥
∥
∥
∥

yj(xj)
y′j(xj)

∥
∥
∥
∥
.Òîãäà

(

Z
(1)
j

)′

= Z
(2)
j (xj) ,

(

Z
(2)
j

)′

=

[

Pj +
n∑

k=1

λkQjk

]

Z
(1)
j (xj) .Äðóãèìè ñëîâàìè, èìååì

∥
∥
∥
∥

Z ′
j

Z2
j

∥
∥
∥
∥
=

∥
∥
∥
∥

0 Erj

Pj +
∑n

k=1 λkQjk 0

∥
∥
∥
∥

∥
∥
∥
∥

Z ′
j

Z2
j

∥
∥
∥
∥
=

=

∥
∥
∥
∥

0 −Erj

Erj 0

∥
∥
∥
∥

∥
∥
∥
∥

Pj +
∑n

k=1 λkQjk 0
0 −Erj

∥
∥
∥
∥

∥
∥
∥
∥

Z ′
j

Z2
j

∥
∥
∥
∥
.Òàêèì îáðàçîì,ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (1) âòîðîãî ïîðÿäêà ñâîäèòñÿê ñëåäóþùåé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

Z ′
j (xj) = LjHj (xj, λ)Zj (x) . (2)



56 Àëìàìåäîâ Ì.Ñ.Ïóñòü Zj (xj)− ìàòðèöàíò ñèñòåìû (2) , ò.å. Zj−ìàòðèöû ðàçìåðà rj × rj è
Z ′
j (xj) = LjHj (xj, λ)Zj (x) ,

Zj (cj) = Erj , äëÿ íåêîòîðîãî ÷èñëà cj ∈ (aj , bj) .

} (3)Äàëåå, ïîëîæèì
J = −iLj =

∥
∥
∥
∥

0 iErj

−iErj 0

∥
∥
∥
∥
.ßñíî, ÷òî J∗ = J .Òåïåðü ðàññìîòðèì ìàòðèöó

uj (xj , λ) = J − Z∗
j JZj ,è äîêàæåì, ÷òî ïðè íåêîòîðûõ çíà÷åíèÿõ λ ∈ Cn ìàòðèöà Zj ÿâëÿåòñÿ J-ñæèìàþùåéèëè æå J- ðàñòÿãèâàþùåé.Äåéñòâèòåëüíî,

u′j = −
(

Z ′
j

)∗

JZj − Z∗
j JZ

′
j = −Z∗

jH
∗
jL

∗
jJZj − Z∗

j JLjHjZj =

= −Z∗
j

(

H∗
jL

∗J + JLHj

)

Zj = Z∗
j

(

i
[

H∗
j −Hj

])

Zj = 2Z∗
j (JmHj)Zj .Çäåñü ìû ó÷ëè âî âíèìàíèå ñîîòíåøåíèÿ

L∗J = −iE è JL = iE.Òàêèì îáðàçîì
u′j = 2Z∗

j (JmHj)Zj .Êðîìå òîãî
uj (cj) = J − Z∗

j (cj) JZj (cj) = J − J = 0.Òîãäà
uj (x, λ) = 2

∫ xj

cj

Z∗
j (ξj, λ) JmHj (ξj, λ)Zj (ξj, λ) dξj .Çàìåòèì ÷òî

JmHj (ξj, λ) =

∥
∥
∥
∥

Sj (ξj, λ) 0
0 0

∥
∥
∥
∥
,ãäå

Sj (ξj , λ) = Tj (xj) +

n∑

k=1

(Jmλk)Qjk(xj) = Jm
{

Pj +
∑

λkQj

}

.Òåïåðü íåòðóäíî âèäåòü, uj (xj, λ)−ïîëîæèòåëüíàÿ (ñòðîãî) ìàòðèöà, åñëè λ ∈ Λ+
j .Äåéñòâèòåëüíî, åñëè ýòî íå òàê, òî ñóùåñòâóåò âåêòîð

f =

∥
∥
∥
∥

f1
f2

∥
∥
∥
∥
6= 0,òàêîé, ÷òî

(JmHj (ξj , λ)Zj (ξj, λ) f, Zj (ξj, λ) f) ≡ 0, (4)



Î ñîáñòâåííûõ ïðîèçâåäåíèÿõ 57â íåêîòîðîé îêðåñòíîñòè Vcj òî÷êè cj ∈ (aj , bj).Ïîëîæèì
Zj (ξj, λ) =

∥
∥
∥
∥

Aj (ξj , λ) Bj (ξj, λ)
Cj (ξj, λ) Dj (ξj, λ)

∥
∥
∥
∥
.Òîãäà ñ ó÷åòîì óðàâíåíèÿ (3) áóäåì èìåòü

∥
∥
∥
∥

A′
j B′

j

C ′
j D′

j

∥
∥
∥
∥
=

∥
∥
∥
∥

0 Erj

Pj +
∑n

k=1 λkQjk 0

∥
∥
∥
∥

∥
∥
∥
∥

Aj (ξj , λ) Bj (ξj, λ)
Cj (ξj, λ) Dj (ξj, λ)

∥
∥
∥
∥
.Òî åñòü

Zj =

∥
∥
∥
∥

Aj (ξj, λ) Bj (ξj, λ)
A′

j (ξj, λ) B′
j (ξj, λ)

∥
∥
∥
∥
.Èç ðàâåíñòâà (4) ïîëó÷èì

〈∥
∥
∥
∥

Sj (ξj , λ) 0
0 0

∥
∥
∥
∥

∥
∥
∥
∥

Aj Bj

A′
j B′

j

∥
∥
∥
∥

∥
∥
∥
∥

f1
f2

∥
∥
∥
∥
,

∥
∥
∥
∥

Aj Bj

A′
j B′

j

∥
∥
∥
∥

∥
∥
∥
∥

f1
f2

∥
∥
∥
∥

〉

C2rj

≡ 0,äëÿ âñåõ ξj ∈ Vcj .Îòñþäà
〈SjAjf1 + SjBjf2, Ajf1 +Bjf2〉Crj ≡ 0 , ξj ∈ Vcj ,

A′
jf1 +B′

jf2 ≡ 0.Åñëè λ ∈ Λ+
j , Sj > 0 è, ïîýòîìó

{
Aj (ξj) f1 +Bj (ξj) f2 ≡ 0 , ξj ∈ Vcj ,
A′

j (ξj) f1 +B′
j (ξj) f2 ≡ 0 , ξj ∈ Vcj .Îòñþäà ïîëó÷èì, ÷òî Zj â íåêîòîðîé îêðåñòíîñòè òî÷êè cj âûðîæäåííàÿ ìàòðèöà.Ýòî ïðîòèâîðå÷èå äîêàçûâàþò, ÷òî åñëè λ ∈ Λ+

j (λ ∈ Λ−
j ), òî uj (xj, λ) = J − Z∗

j JZjïîëîæèòåëüíî (îòðèöàòåëüíî) îïðåäåëåííàÿ (ñòðîãî ïîëîæèòåëüíàÿ â îïåðàòîðíîìñìûñëå ) ìàòðèöà.Èòàê, åñëè λ ∈ Λ+
j , òî ìàòðèöà zj ÿâëÿåòñÿ J-ñæèìàþùåé, ò.å. Z∗

j JZj < J .Òåïåðü, ïîëüçóÿñü óñòàíîâëåííûì ñâîéñòâîì ìàòðèöàíòà Zj ââåäåì èññëåäóåììàòðè÷íûå êðóãè Âåéëÿ äëÿ ñèñòåìû óðàâíåíèÿ (1).Ðàññìîòðèì îïåðàòîðû-ìàòðèöû
ϕ (xj , λ) = A (xj , λ) è θ (xj, λ) = B (xj , λ).ßñíî, ÷òî îíè ÿâëÿþòñÿ öåëûìè ãîëîìîðôíûìè ôóíêöèÿìè îò λ ∈ Cn èóäîâëåòâîðÿþò íà÷àëüíûì óñëîâèÿì

ϕj (cj , λ) = Erj , ϕ
′
j (cj , λ) = 0,

θj (cj , λ) = 0, θ′j (cj , λ) = Erj .Ââåäåì â ðàññìîòðåíèå ìàòðè÷íîçíà÷íóþ ôóíêöèþ
ψj (xj, λ, l) = θj (xj , λ) + ϕj (xj , λ) l,



58 Àëìàìåäîâ Ì.Ñ.ãäå l−êâàäðàòíàÿ ïîñòîÿííàÿ ìàòðèöà ðàçìåðà rj × rj .Ïóñòü Yj (xj, λ) åñòü ïðîèçâîëüíîå ìàòðè÷íîå ðåøåíèå óðàâíåíèÿ (1). Òîãäà èìååì
−y∗j y′′j + y∗j

[

Pj +

n∑

k=1

λkQjk

]

yj = 0.Îòñþäà
∫ xj

cj

y∗j (ξj , λ) y
′′
j (ξj , λ) dξj =

∫ xj

cj

y∗j (ξj, λ)

[

Pj +
∑

λkQjk

]

yj (ξj, λ) dξj ,

y∗j y
′
j

/
xj
cj

−
∫ xj

cj

(
y∗j
)′
y′jdξj =

∫ xj

cj

y∗j

[

Pj +
∑

λkQjk

]

yj (ξj , λ) dξj.Âûäåëÿÿ ìíèìóþ ÷àñòü, ïîëó÷èì:
∫ xj

cj

y∗j sj (ξj, λ) yj (ξj, λ) dξj = Jm
[
y∗j y

′
j (xj, λ)− y∗j y

′
j (cj , λ)

]
=

1

2i
W

[
y∗j , yj

]
/

xj
cj

.Äðóãèìè ñëîâàìè, èìååò ìåñòî ñîîòíîøåíèå
2i

∫ xj

cj

y∗jSjyjdξj =W
[
y∗j , yj

]
/

xj
cj

. (5)Äàëåå çàìåòèì, ÷òî ìàòðèöû-ôóíêöèè ϕj è θjÿâëÿþòñÿ ðåøåíèÿìè (ìàòðè÷íûìè)èñõîäíîé ñèñòåìû (1), ò.å. ìàòðèöàíòàìè ñèñòåìû (1). Äåéñòâèòåëüíî, êàê è ðàíüøå,èç ñîîòíîøåíèÿ
Z ′ =

∥
∥
∥
∥

0 E
Pj +

∑n
k=1 λkQjk 0

∥
∥
∥
∥
Z,ïîëó÷èì

A′
j = cj , B

′
j = Dj , C

′
j = [Pj +

∑n
k=1 λkQjk] Aj è

D′
j =

[

Pj +

n∑

k=1

λkQjk

]

.Åñëè äâà ïåðâûõ ðàâåíñòâà ó÷åñòü ñîîòâåòñòâåííî íà äâóõ ïîñëåäíèõ, òî ïîëó÷èì
A”j = [Pj +

∑n
k=1 λkQjk] Aj è B′′

j = [Pj +
∑n

k=1 λkQjk] Bj .Èòàê, ϕj è ψj äâå ëèíåéíî íåçàâèñèìûå ìàòðèöàíòû (1). Íàïèøåì ñîîòíîøåíèå (5)äëÿ ìàòðè÷íîé ôóíêöèè ψj = θj + ϕj l.
2i

∫ xj

cj

ψ∗
jSj (ξj , λ)ψj (ξj, λ, l) dξj =W

[
ψ∗
j , ψj

]
(xj)−W

[
ψ∗
j , ψj

]
(cj) .ßñíî, ÷òî

W
[
ψ∗
j , ψj

]
(Aj) =
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= ψ∗

j (Aj)ψ
′

j (cj)− ψ∗′

j ψj (cj) = l∗ − l.Äàëåå
−
(

B∗′ + [A l∗]
′
)

(B + Al ) =
(
B∗

j + l∗A∗
j

)
(Dj + Cj l)−

(
D∗

j + l∗C∗
)
(B +A l) =

(
B∗

jDj −D∗
jBj

)
+

+l∗ (A∗D − C∗B) + (B∗C −D∗A) l + l∗ (A∗C − C∗A) l.Îòñþäà ∫ xj

cj

ψ∗
jSj (ξj, λ)ψj (ξj, λ) dξj = Jm l + F (l, xj , λ) , (6)ãäå
F (l, xj, λ) = l∗Ml + l∗M1 +M∗

1 l +M0,

A = ϕ , B = θ , C = ϕ′ , D = θ′,

M0 =
1

2i
(B∗D −D∗B) =M∗

0 ,M1 =
1

2i
(A∗D −C∗B) ,

M =
1

2i
(A∗C − C∗A) =M∗.×åðåç Lxj ,λ îáîçíà÷èì ìíîæåñòâî êâàäðàòíûõ ìàòðèö l ïîðÿäêà rj × rj òàêèõ, ÷òî
F (l, xj , λ) ≤ 0. (7)Ìíîæåñòâî Lxj ,λíàçîâåì ìàòðè÷íûì êðóãîì äëÿ ñèñòåìû óðàâíåíèé (1) (ñì. [9]).Òàêèì îáðàçîì, ìàòðèöà l ïðèíàäëåæèò ìíîæåñòâó Lxj ,λ òîãäà è òîëüêî òîãäà,êîãäà èìååò ìåñòî íåðàâåíñòâî

∫ xj

cj

ψ∗
jSj (ξj , λ)ψj (ξj, λ) dξj ≤ Jm l. (8)Ïóñòü òåïåðü λ ∈ Λ+

j . Òîãäà Sj (ξj , λ) > 0 (â îïåðàòîðíîì ñìûñëå) è åñëè l ∈ Lxj ,λ, òî
l ∈ Lx′

j
,λ, ïðè x′j < xj , ò.å. Lxj ,λ ⊂ Lx′

j
,λ.Äðóãèìè ñëîâàìè, ñåìåéñòâî Lxj
ìîíîòîííî óáûâàåò.Äåéñòâèòåëüíî, èìååì
F (l, xj , λ) ≤ 0,à òàêæå

F
(
l, x′j , λ

)
=

∫ x′

j

cj

ψ∗
jSjψjdξj − Jm l <

∫ xj

cj

ψ∗
jSjψjdξj − Jm l = F (l, xj , λ) .Ââåäåì îáîçíà÷åíèå ⋂

Bj>xj>cj

Lxj ,λ = L.
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∫ Bj

cj

ψ∗
j (ξj , λ)Sj (ξj , λ)ψj (ξj, λ) dξj ≤ Jm l, (9)ãäå
ψj (ξj, λ) = θ (ξj, λ) + ϕj (ξj, λ) l,è íàîáîðîò, åñëè âûïîëíåíî ñîîòíîøåíèå (9), òî l ∈ L (ïðåäåëüíûé ìàòðè÷íûé êðóã).Ñëåäóþùåå âû÷èñëåíèå ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì (îáîçíà÷åíèé):

−Z∗
j JZj = −

∥
∥
∥
∥

A∗ C∗

B∗ D∗

∥
∥
∥
∥

∥
∥
∥
∥

0 iE
−iE 0

∥
∥
∥
∥

∥
∥
∥
∥

A B
C D

∥
∥
∥
∥
= −

∥
∥
∥
∥

A∗ C∗

B∗ D∗

∥
∥
∥
∥

∥
∥
∥
∥

iC iD
−iA −iB

∥
∥
∥
∥
=

=

∥
∥
∥
∥

i (A∗C − C∗A) i (A∗D − C∗B)
i (B∗C −D∗A) i (B∗D −D∗B)

∥
∥
∥
∥
=

= 2

∥
∥
∥
∥

A∗C−C∗A
2i

A∗D−C∗B
2i

B∗C−D∗A
2i

B∗D−D∗B
2i

∥
∥
∥
∥
.Èòàê, èìååì

−Z∗
j JZj = 2

∥
∥
∥
∥

M M1

M∗
1 M0

∥
∥
∥
∥
.Ïðè λ ∈ Λ+

j èìååì
J − Z∗

j JZj > 0.Äðóãèìè ñëîâàìè
〈

J

∥
∥
∥
∥

x
0

∥
∥
∥
∥
,

∥
∥
∥
∥

x
0

∥
∥
∥
∥

〉

2

〈∥
∥
∥
∥

M M1

M∗
1 M0

∥
∥
∥
∥

∥
∥
∥
∥

x
0

∥
∥
∥
∥
,

∥
∥
∥
∥

x
0

∥
∥
∥
∥

〉

> 0.Äàëåå
〈∥
∥
∥
∥

0
−ix

∥
∥
∥
∥
,

∥
∥
∥
∥

x
0

∥
∥
∥
∥

〉

+ 2

〈∥
∥
∥
∥

Mx
M∗

1x

∥
∥
∥
∥
,

∥
∥
∥
∥

x
0

∥
∥
∥
∥

〉

= 2 (Mx.x) > 0,

〈

J

∥
∥
∥
∥

0
y

∥
∥
∥
∥
,

∥
∥
∥
∥

0
y

∥
∥
∥
∥

〉

+ 2

〈∥
∥
∥
∥

M M1

M∗
1 M0

∥
∥
∥
∥

∥
∥
∥
∥

0
y

∥
∥
∥
∥
,

∥
∥
∥
∥

0
y

∥
∥
∥
∥

〉

=

=

〈∥
∥
∥
∥

iy
0

∥
∥
∥
∥
,

∥
∥
∥
∥

0
y

∥
∥
∥
∥

〉

=

〈∥
∥
∥
∥

iy
0

∥
∥
∥
∥
,

∥
∥
∥
∥

0
y

∥
∥
∥
∥

〉

+ 2

〈∥
∥
∥
∥

M1y
M0y

∥
∥
∥
∥
,

∥
∥
∥
∥

0
y

∥
∥
∥
∥

〉

= 2 (M0y.y) > 0.Èòàê, îïåðàòîðû M è M0 ÿâëÿþòñÿ ñòðîãî ïîëîæèòåëüíûìè.Äàëåå, ìîæíî ïîêàçàòü, ÷òî
M1M

−1M∗
1 −M0 > 0. (α)Ïîýòîìó ìíîæåñòâî F (l;xj ;λ) ≤ 0 ïðåäñòàâëÿåò ñîáîé ìàòðè÷íûé êðóã (óñëîâèå (α))îáåñïå÷èâàåò íåïóñòîòó ìíîæåñòâà {l : F (l;xj;λ) ≤ 0}.Ïðè λ ∈ Λ−

j èìååì
J − Z∗

j JZj < 0,



Î ñîáñòâåííûõ ïðîèçâåäåíèÿõ 61èëè (Mx,x) < 0 è (M0x, x) < 0.Òîãäà ïðè λ ∈ Λ−
j ñåìåéñòâî ìàòðèö l, óäîâëåòâîðÿþùèõ óñëîâèþ

F (l;xj;λ) ≥ 0 ïðåäñòàâëÿåò ñîáîé ìàòðè÷íûé êðóã:
l∗ (−M) l + l∗ (−M1) + (−M1)

∗ l + (−M0) ≤ 0,

−M > 0, −M0 > 0.Èòàê, ïóñòü λ ∈ Λ−
j . Òîãäà Sj (ξj , λ) < 0 è

∫ xj

cj

ψ∗
jSjψjdξj = Jml + F (l;xj ;λ) . (10)×åðåç L̃xj ;λîáîçíà÷èì ìàòðè÷íûé êðóã

F (l;xj ;λ) ≥ 0. (11)Äàëåå l ∈ L̃xj ;λ òîãäà è òîëüêî òîãäà, êîãäà
∫ xj

cj

ψ∗
jSj (ξj, λ)ψj (ξj ;λ) dξj ≥ Jml. (12)Ïóñòü l ∈ L̃xj ;λ è x′j < xj . Òîãäà

F (l;xj ;λ) ≥ 0 è
F
(
l;x′j ;λ

)
=

∫ x′

j

cj

ψ∗
jSjψjdξj − Jml ≥

≥
∫

xj

cj

ψ∗
jSjψjdξj − Jml = F (l;xj, λ) .Òàêèì îáðàçîì, ïðè λ ∈ Λ−

j ìàòðè÷íûå êðóãè (11) ìîíîòîííî óáûâàþò (âëîæåíûäðóã â äðóãå ) ñ âîçðàñòàíèåì xj → bj .Ââåäåì îáîçíà÷åíèå ⋂

Bj>xj>Cj

L̃xj ,λ ≡ L̃.Åñëè l ∈L̃, òî ∫
Bj

Cj

ψ∗
jSjψjdξj ≥ Jml, (13)è íàîáîðîò , åñëè âûïîëíåíî (13), òî l ∈ L̃( ïðåäåëüíûé ìàòðè÷íûé êðóã äëÿ ∀λ ∈ Λ−

j ).(13) ýêâèâàëåíòíî íåðàâåíñòâó
∫

xj

cj

ψ∗
j (−Sj)ψjdξj ≥ −Jml. (14)Íî åñëè λ ∈ Λ−

j , òî −Sj = |Sj| è ïîýòîìó òàêæå −Jml = |Jml|.
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j

⋃
Λ−
j , òî èìååì

∫ xj

cj

ψ∗
j (ξj, λ) |Sj (ξj , λ)|ψj (ξj, λ) dξj ≤ |Jml| , (15)(çäåñü |T | = (T ∗T )

1/2; åñëè T = T ∗, òî |T | =
√
T 2åñòü íåîòðèöàòåëüíûé îïåðàòîð, ãäå

ψj (ξj , λ) = θj (ξj , λ) + ϕj (ξj, λ) l,ïðè÷åì θj è ϕj- ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ
−Y ′′

j + PjYj +
n∑

k=1

λkQjkYj = 0,óäîâëåòâîðÿþùèå óñëîâèÿì Êîøè:
ϕj (cj) = E, ϕ′

j (cj) = 0, θj (cj) = 0, θ′j (cj) = ErjÏóñòü òåïåðü
l1 =

∥
∥
∥
∥
∥
∥
∥
∥
∥

1
0...
0

∥
∥
∥
∥
∥
∥
∥
∥
∥

, ..., lrj =

∥
∥
∥
∥
∥
∥
∥
∥
∥

0
0...
1

∥
∥
∥
∥
∥
∥
∥
∥
∥îðòâåêòîðû.Íàïèøåì ñîîòíîøåíèå (15) äëÿ λ ∈ Λ+

j è íå âåêòîðàõ
e1, ....., erj

∫ bj

cj

(
ψ∗
jSjψje1, e1

)
dξ ≤ ((Jme) e1, e1) ,èëè ∫ bj

cj

(Sjψje1, ψje1) dξj < +∞.Ïóñòü
ψj (ξj, λ) =

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

ψ11
j . . . ψ

1rj
j

. . . . .

. . . . ..

. . . . .

ψ
rj ,1
j . . . ψ

rj ,rj
j

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

.Òîãäà
ψje1 =

∥
∥
∥
∥
∥
∥
∥

ψ11
j...

ψ
rj ,1
j

∥
∥
∥
∥
∥
∥
∥

= h1j (ξj, λ) .
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ψje2 =

∥
∥
∥
∥
∥
∥
∥

ψ12
j...

ψ
rj,2
j

∥
∥
∥
∥
∥
∥
∥

= h2j (ξj, λ) , ..., ψjerj = h
rj
j (ξj, λ) .Òàêèì îáðàçîì

∫ bj

cj

(

Sj (ξj, λ) h
k
j (ξj, λ) , h

k
j (ξj, λ)

)

dξj <∞, (16)
k = 1, 2, ..., rj ,è â îáùåì ñëó÷àå, äëÿ λ ∈ Λ+

j

⋃
Λ−
j èìååì ôóíêöèè hkj (ξj, λ) , k = 1, 2, ....., rj ,îáëàäàþùèå ñâîéñòâîì

∫ bj

cj

(

|Sj (ξj , λ)| hkj (ξj , λ) , hkj (ξj, λ)
)

dξj <∞. (17)Íåòðóäíî âèäåòü, ÷òî âåêòîð �ôóíêöèè h1j (ξj, λ) , ..., hrjj (ξj, λ) ëèíåéíî íåçàâèñèìû.Äåéñòâèòåëüíî, ýòè âåêòîðû ñîâïàäàþò â òî÷íîñòè ñ ñîîòâåòñòâóþùèìè ñòîëáöàìèìàòðèöû ψj (ξj, λ) è
det ψj (cj , λ) = det (θj (σj, λ) + ϕj (σj , λ) l) = det l,

det ψ′
j (cj , λ) = det

(
θ′j (cj) + ϕ′

j (cj) l
)
= 1.Åñëè ëèíåéíî íåçàâèñèìû ôóíêöèè d

dξj
h1j , ...,

d
dξj
h
rj
j , òî è ñàìè ôóíêöèè

h1j , ..., h
rj
j ëèíåéíî íåçàâèñèìû.Òåïåðü èññëåäóåì âîïðîñ î ïðèíàäëåæíîñòè âåêòîð - ôóíêöèè

y1 (x1, λ) ⊗ ... ⊗ yn (xn, λ) (ñ r1 × r2 × ... × rn êîìïîíåíòîì ) ïðîñòðàíñòâó ñ âåñîì
L2 (Ib, Q (x) dx),ãäå

X = (x1, x2, ..., xn) ∈ Ib = [c1, b1)× ...× [cn, bn)è
det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

Qt
11 . . . Qt

1n

. . . . .

. . . . .

. . . . .
Qt

n1 . . . Qt
nn

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

= Q (x) ,ÿâëÿåòñÿ êâàäðàòíîé ìàòðèöåé ôóíêöèåé ðàçìåðà r1 × r2 × ...× rn.Î÷åâèäíî, ÷òî
Q (x) y1⊗ ...⊗yn =

∑

σ

εσQ
t
1σ(1)...Q

t
nσ(n)y1⊗ ...⊗yn =

∑

σ

εσ
(
Q1σ(1)y1

)
⊗ ...⊗

(
Qnσ(n)yn

)
.
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(Q (x) y1 ⊗ ...⊗ yn, y1 ⊗ ...⊗ yn) =

∑

σ

(
Q1σ(1)y1, y1

)
...
(
Qnσ(n)yn, yn

)
=

= det {(Qjkyj, yj)} = det
j,k=1,rj

{
y∗jQjkyj

}
.Ïóñòü λ ∈ Λ è λ /∈ Rn. Òîãäà õîòÿ áû äëÿ îäíîé êîîðäèíàòû λt òî÷êè λèìååì

Jmλt 6= 0.Ðàññìîòðèì
(Q (x) [y1 (x1, λ)⊗ ...⊗ yn (xn, λ)] , [y1 (x1, λ)⊗ ...⊗ yn (xn, λ)]) =

= det {(Qjk (xj) yj (xj, λ) , yj (xj , λ))}nj,k=1 .Î÷åâèäíî, ÷òî
det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Q11y1, y1) . . . (Q1ty1, y1) . . . (Q1ny1, y2)
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

(Qn1yn, yn) . . . (Qntyn, yn) . . . (Qnnyn, yn)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

=

= (Q1ty1 (x1) , y1 (x1))Q
(1,t) (x2, ..., xn) + (Q2ty2 (x2) , y2 (x2))Q

(2,t) (x1, x3, ..., xn)+

...+ (Qn,tyn (xn) , yn (xn))Q
(n,t) (x1, x2, ..., xn−1) . (18)Äàëåå , íåòðóäíî âèäåòü, ÷òî

Qjt (xj) =
1

Jmλt
Sj (xj, λ)−

1

Jmλt
Tj (xj)−

n∑

k = 1
k 6= t

(
Jmλk
Jmλt

)

Qjk (xj) , j = 1, n. (19)Èç (18) è (19) èìååì
(Q (x) y1 ⊗ ...⊗ yn, y1 ⊗ ...⊗ yn) =

=

n∑

q=1

(

Qqt (xq)Yq (xq, λ) , Yq (xq, λ)×Q(q,t) (x1, ..., x̂q, ..., xn)
)

=

=
1

Jmλt

n∑

q=1

(sq (xq, λ)Yq (xq, λ) , Yq (xq, λ)) Q
(q,t) (x1, ..., x̂q , ..., xn) ,

− 1

Jmλt

n∑

q=1

(Tq (xq)Yq, Yq)Q
(q,t) (·)−
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−

n∑

q=1

n∑

k = 1
k 6= t

(
Jmλk
Jmλt

)(

Qqk (xq) (Yq, Yq) ·Q(q,t) (x1, ..., x̂q , ..., xn)
)

.Äàëåå èìååì
(Q (x) y1 ⊗ ...⊗ yn) = det {(QjkSj, yj)}nj,k=1 =

=
1

Jmλt
det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Q11y1, y1) . . . (S1y1, y1) . . . (Q1ny1, y1)
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

(Qn1yn, yn) . . . (Snyn, yn) . . . (Qnnyn, yn)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

−

− 1

Jmλt
det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Q11y1, y1) . . . (T1y1, y1) . . . (Q1ny1, y1)
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

(Qn1yn, yn) . . . (Tnyn, yn) . . . (Qnnyn, yn)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

︸ ︷︷ ︸

QT (x)

−

− 1

Jmλt
det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Q11y1, y1) . . .
∑

k 6=t (Jmλk) (Q1k (x1) y1, y1) . . . (Q1ny1, y1)

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .
(Qn1yn, yn) . . .

∑
(Jmλk) (Qnk (xn) yn, yn) . . . (Qnnyn, yn)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

.Ïîýòîìó äëÿ ïðîèçâîëüíîé òî÷êè b′ ∈ (c, b) ñïðàâåäëèâî ñëåäóþùåå èíòåãðàëüíîåñîîòíîøåíèå
∫

[c,b′)
(Q (x) y1 ⊗ ...⊗ yn, y1 (x1, λ)⊗ ...⊗ yn (xn, λ)) dx1...dxn =

=
1

Jmλt

∫

[c,b′)

n∑

q=1

(Sqyq, yq)Q
(q,t) (x1, ..., x̂q , ..., xn) dx−

− 1

Jmλt

∫

[c,b′)

n∑

q=1

(Tqyq, yq)Q
(q,t)dx− 1

Jmλt

n∑

q=1

∫

[c,b′)

n∑

k = 1
k 6= t

(Jmλk) (QqkYq, Yq)Q
(q,t)dx.Èìååì

det

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

(Q11y1, y1) . . . (Jmλ1) (Q11y1, y1) + ...
. . . . .
. . . . .
. . . . .

(Qn1yn, yn) . . . (Jmλ1) (Qn1yn, y1) + ...
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...+

∧

Jmλt (Q1ty1, y1)+..+ (Jmλn) (Q1ny1, y1) ... (Q1ny1, y1)
. ... .
. ... .
. ... .

..+
∧

Jmλt (Qntyn, yn)+..+ (Jmλn) (Qnnyn, yn) ... (Qnnyn, yn)

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

= 0.Òàê êàê ýòîò äåòåðìèíàíò ðàâåí ñóììå n − 1 øòóê äåòåðìèíàíòîâ, êàæäûé èçêîòîðûõ èìååò äâóõ îäèíàêîâûõ ñòîëáöîâ.Èòàê, ñóùåñòâóåò íîìåð t ∈ {1, 2, ..., n} òàêîé, ÷òî
∫

[c,b′)
(Qy1 ⊗ ...⊗ yn, y1 ⊗ ...⊗ yn) dx =

=
1

Jmλt

n∑

q=1

∫

[cq,b′q)
(sqyq, yq) dxq

∫

...

∫

Q(q,t)dx1...dxq...dxn−

− 1

Jmλt

n∑

q=1

∫

[cq,b′q)
(Tqyq, yq) dxq

∫

...

∫

Q(q,t)dx1...
∧

dxq ...dxn.Ñ ó÷åòîì âèäå àëãåáðàè÷åñêèõ äîïîëíåíèé Q(q,t)
(

x1, ...,
∧
xq, ..., xn

) èç ïðåäûäóùåéôîðìóëû ìû ïîëó÷èì ∫

[c,b′)
det {(Qjkyj, yj)}nj,k=1 dx =

1

Jmλt

n∑

q=1







∫ b′q

cq

(sqyq, yq) dxq · (−1)q+t
∑

σ̂

∫ b′q

c1

(
Q1σ(1)y1, y1

)
dx1...

∫
∧

b′q

cq

∧

dxq ...

∫ bin

cn

(
Qnσ(n)yn, yn

)
dxn−

− 1

Jmλt

n∑

q=1

(Tqyq, yq) dx · (−1)q+t
∑

σ

∫ b′
1

c1

(
Q1σ(1)y1, y1

)
...

∫ b′n

cn

(
Qnσ(n)yn, yn

)
.Íàïðèìåð, ïðè q = 1

1

Jmλt

∫ b′
1

c1

(

s
(λ)
1 y1, y1

)

dx1·(−1)1+t
∑

σ̂

∫ b′
2

c2

(
Q2σ(2)y2, y2

)
dx2...

∫ b′n

cn

(
Qnσ(n)yn, yn

)
dxn−...

(t /∈ σ (2) , ..., σ (n)) ,
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1

Jmλt

∫ b′n

cn

(snyn, yn) dxn · (−1)n+t
∑

σ

∫ b′
1

c1

(
Q1σ(1)y1, y1

)
dx1...

∫ b′n−1

cn−1

(
Qn−1,σ(n−1)yn−1, yn−1

)
dxn−1 − ... , (t /∈ σ (1) , ..., σ (n− 1)) .Òàêèì îáðàçîì, çäåñü ó÷àñòâóþò âñå ýëåìåíòû ìàòðèöû {(Qjkyj, yj)} êðîìå åå t−ãîñòîëáöà.Òîãäà ïîëó÷èì, ÷òî åñëè âñå (Qjkyj, yj) (k 6= t) �ïîä÷èíåíû� (sjyj, yj), â òàêæå

(Tjyj, yj) �ïîä÷èíåíû� (sjyj, yj), òî òåíçîðíîå ïðîèçâåäåíèå ψ1 ⊗ ...⊗ψn ïðèíàäëåæèòïðîñòðàíñòâó L2 ([c, b) ;Q (x) dx).Òåïåðü ïîèíòåðåñóåìñÿ äðóãèìè âîçìîæíûìè ðåøåíèÿìè èç
L2 ([c, b) ;Q (x) dx) .Ðàññìîòðèì ôîðìóëó (5) ìàòðè÷íûõ ðåøåíèé

∫ xj

cj

Y ∗
j Sj (ξj, λ)Yj (ξj, λ) dξj =

1

2i
W

[
Y ∗
j , Yj

]
|xj
cj .Ïîëîæèì Yj = ϕj . Òîãäà èìååì

∫ xj

cj

ϕ′
jSj (sj , λ) dξ =

1

2i
W

[
ϕ∗
j , ϕj

]
(xj) .Òàê êàê

W
[
ϕ∗
j , ϕj

]
(cj) = ϕ∗

j (cj) · ϕ′
j (cj)− ϕ∗′

j (cj)ϕj (cj) = 0.Äàëåå
ϕj (xj , λ) = A (xj, λ) è A′

j (xj, λ) = cj (xj , λ),è ïîýòîìó
ϕ∗
j (xj)ϕ

′
j (xj)−ϕ∗′

j (xj)ϕj (xj) = A∗
j (xj, λ) cj (xj, λ)− c∗j (xj , λ)Aj (xj, λ) = 2iM (xj, λ) .Èòàê ∫ xj

cj

ϕ∗
jSjϕjdξj =M (xj , λ) .Îòñþäà âèäíî, ÷òî

M (xj, λ) < M
(

x′j, λ
) ïðè xj < x′j .Ïîýòîìó ñóùåñòâóåò

lim
xj→bj

M (xj, λ) ≡M (λ) ≥ 0.Åñëè M (λ) > 0, òî ïî îïðåäåëåíèþ èìååì ñëó÷àé ïðåäåëüíîãî êðóãà
{l : F (l, xj , λ) ≤ 0}, åñëè æå ker M (λ) 6= {0}, òî ñëó÷àé ïðåäåëüíîé òî÷êè.
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l (x, λ) = l0 (x, λ) + r

1/2
1 Wr

1/2
2 (x, λ) ,ãäå l0− öåíòð, l0 = −M−1M∗

1 , r1−ëåâûé ðàäèóñ, r1 = M−1, r2−ïðàâûé ðàäèóñ, r2 =
M1M

−1M∗
1 −M0, W0− ïðîáåãàåò åäèíè÷íûé ìàòðè÷íûé êðóã : W ∗W ≤ E.Äàëåå, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóþò ïðåäåëüíûå ìàòðèöû
lim

ξj→bj
r1 (ξj, λ) = r1 ≥ 0, lim

ξj→bj
r2 (ξj, λ) = r2 ≥ 0, lim

ξj→bj
l0 (ξj, λ) = l0,è ïðåäåëüíûé êðóã ñîñòîèò èç òåõ è òîëüêî òåõ ìàòðèö l, êîòîðûå ïðåäñòàâëåíû ââèäå

l = l0 + r
1/2
1 Wr

1/2
2 ,W ∗W ≤ E.Åñëè ìàòðèöà Mj (λ) íåâûðîæäåííàÿ äëÿ íåêîòîðûõ çíà÷åíèé j ∈ {1, 2, ..., n},òî ìîæíî íàéòè äîïîëíèòåëüíûå òåíçîðíûå ïðîèçâåäåíèÿ ðåøåíèé, ïðèíàäëåæàùèåïðîñòðàíñòâó L2 (J,Q (x) dx). Áîëåå òîãî, ýòî ñîîáðàæåíèå ïîçâîëèò îöåíèòü ÷èñëîòàêèõ ïðîèçâåäåíèé àíàëîãè÷íî ñêàëÿðíîìó ñëó÷àþ [7].Åñòåñòâåííûé âîïðîñ î íåçàâèñèìîñòè ÷èñëà ðåøåíèé ëèíåéíî íåçàâèñèìûõòåíçîðíûõ ïðîèçâåäåíèé îò ïàðàìåòðîâ ìíîãîïàðàìåòðè÷åñêîé ñèñòåìû (1) ðåøàåòñÿñëåäóþùèì îáðàçîì: ýòî ÷èñëî ÿâëÿåòñÿ ïîñòîÿííûì íà êàæäîé êîìïîíåíòå Nk,

k = 1, 2, ..., 2n ìíîæåñòâà Λ. Ñîîòâåòñòâóþùèé îáùèé ðåçóëüòàò (äëÿ àáñòðàêòíîçàäàííûõ ìíîãîïàðàìåòðè÷åñêèõ îïåðàòîðîâ) ïîëó÷åí â ñîâìåñòíîé ðàáîòå Ï.Äæ.Áðàóíà è Ã.À. Èñàåâà [13].Åñëè ê ïîñòðîåíèþ ìíîæåñòâ ïàðàìåòðîâ òèïà Λ ïîäîéòè ñ ïîìîùüþäåéñòâèòåëüíîé ÷àñòè êîýôôèöèåíòîâ óðàâíåíèé (1), òî ìàòðèöàíò ñèñòåìûóðàâíåíèé ïåðâîãî ïîðÿäêà áóäåò
K̃ =

∥
∥
∥
∥

0 Er

Er 0

∥
∥
∥
∥
,ñæèìàþùèì äëÿ ñîîòâåòñòâóþùåãî ìíîæåñòâà Λ̃−
j , íî äëÿ λ ∈ Λ̃+

j îïåðàòîð Zjàíàëîãè÷íûì ñâîéñòâîì íå îáëàäàåò.Ðàññìàòðèâàÿ íàìè çàäà÷à ÷àñòè÷íî èçó÷åíà â [11], [12].Ñïèñîê ëèòåðàòóðû[1] Atkinson F.V. Multiparameter eigenvalue Problems. N.Y., 1972, vol. 1.[2] Sleeman B.D. Res. Notes Math., 1978, �22.[3] Isaev H.A. Lectures on multiparameter spectral theory. Univ. of Calgary, 1985.[4] Èñàåâ Ã.À. Ìàòåì. Ñá., 1986, ò. 131(173), �1(9), ñ. 52.
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