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Óðàâíåíèé â ×àñòíûõ Ïðîèçâîäíûõ â Ãèëüáåðòîâîì

Ïðîñòðàíñòâå
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Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, êîòîðûå îáåñïå÷èâàþò ðåãóëÿðíî ðàç-

ðåøèìîñòè îäíîãî êëàññà îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà ýë-

ëèïòè÷åñêîãî òèïà. Ýòè óñëîâèÿ âûðàæåíû ñâîéñòâàìè êîýôôèöèåíòîâ äàííûõ óðàâíåíèé.
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íåíèÿ, ðåãóëÿðíîå ðåøåíèå.

1. Ââåäåíèå

Ïóñòü H ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî, A - ïîëîæèòåëüíî-
îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð â H, ñ îáëàñòüþ îïðåäåëåíèÿ D (A).
Îáîçíà÷èì ÷åðåç Hγ (γ ≥ 0) øêàëó ãèëüáåðòîâûõ ïðîñòðàíñòâ ïîðîæäåííàÿ îïåðà-
òîðîì A, ò.å. Hγ = D (Aγ), (x, y)γ = (Aγx, Aγy), x, y ∈ D (Aγ). Ïðè γ = 0 ñ÷èòàåì,
÷òî H0 = H.

Îáîçíà÷èì ÷åðåç R2 = R × R, R = (−∞, ∞) è îïðåäåëèì ëèíåéíîå ìíîæåñòâî
D
(
R2, Hn

)
ìíîæåñòâî âñåõ âåêòîð-ôóíêöèé u (t, x) ñî çíà÷åíèÿìè â Hn, áåñêîíå÷íî

äèôôåðåíöèðóåìûõ ñ êîìïàêòíûìè íîñèòåëÿìè â R2. Ïóñòü L2

(
R2;H

)
åñòü ãèëüáåð-

òîâî ïðîñòðàíñòâî âñåõ âåêòîð-ôóíêöèé f (t, x) îïðåäåëåííûå â R2 ïî÷òè âñþäó, ñî
çíà÷åíèÿìè â H, êâàäðàòè÷íî èíòåãðèðóåìûõ ïî Áîõíåðó â R2, ïðè÷åì

∥f∥L2(R2,H) =

(∫
R2

∥f (t, x)∥2 dtdx
)1/2

<∞.

Ïðåäïîëîæèì, ÷òî n = 2m (m = 1, 2, ...) è â D
(
R2, Hn

)
ââåäåì íîðìó

∥u∥Wn
2 (R2,H) =

n−k∑
j=0

n∑
k=0

∥∥∥∥An−(k+j)∂
k+ju (t, x)

∂tj∂xk

∥∥∥∥2
L2(R2;H)

1/2

.

http://www.jcam.azvs.az 61 c⃝ 2011 JCAM All rights reserved.



62 Í.Ì.Ñóëåéìàíîâ

Â ïðîñòðàíñòâå H ðàññìîòðèì îïåðàòîðíî-äèôôåðåíöèàëüíîå óðàâíåíèè

(−1)m
∂nu (t, x)

∂tn
+ (−1)m

∂nu (t, x)

∂xn
+Anu (x, t)+

+
n−k−1∑
j=0

n−1∑
k=0

Ak,j
∂k+ju (x, t)

∂tj∂xk
= f (t, x) , (t, x) ∈ R2. (1)

Çäåñü ïðîèçâîäíûå ïîíèìàþòñÿ â ñìûñëå îáîáùåííûõ ôóíêöèé [1], f (t, x) , u (t, x)
âåêòîð-ôóíêöèè îïðåäåëåííûå â R2 ïî÷òè âñþäó, ñî çíà÷åíèÿìè â H, à îïåðàòîðíûå
êîýôôèöèåíòû óäîâëåòâîðÿþò óñëîâèÿì

1. A- ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð â H;

2. Îïåðàòîðû iAk,j ïðè k+ j = 2s, s = 0, m− 1, k, j = 0, n è Ak,j ïðè k+ j = 2s−1,
s = 0, m− 1, ñèììåòðè÷íû â H.

Îïðåäåëåíèå 1. Åñëè ïðè ëþáîì f (t, x) ∈ L2

(
R2;H

)
ñóùåñòâóåò âåêòîð-

ôóíêöèÿ u (t, x) ∈ Wn
2

(
R2;H

)
, êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ (1) ïî÷òè âñþäó

â R2 è èìååò ìåñòî íåðàâåíñòâî

∥u∥Wn
2 (R2;H) ≤ const ∥f (t, x)∥L2(R2;H) ,

òî áóäåì ãîâîðèòü, ÷òî óðàâíåíèå (1) ðåãóëÿðíî ðàçðåøèìà.
Ðåãóëÿðíî ðàçðåøèìîñòü óðàâíåíèÿ (1) ïðè n = 2 ðàññìîòðåíû â ðàáîòàõ [2-6], à

ïðè n = 4 â ðàáîòàõ [7,8]. Â ðàáîòå [9] íàéäåíû óñëîâèÿ ðåãóëÿðíîé ðàçðåøèìîñòè äëÿ
óðàâíåíèÿ (1). Îòìåòèì, ÷òî äëÿ óðàâíåíèé çàâèñÿùèõ îò îäíîãî ïåðåìåííîãî, òàêèå
çàäà÷è èññëåäóþòñÿ âî ìíîãèõ ðàáîòàõ. (ñì. íàïð. [10]). Íî äëÿ óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ ðàçðåøèìîñòü óðàâíåíèÿ (1) èññëåäîâàíà ñðàâíèòåëüíî ìàëî.

Â äàííîé ðàáîòå ïðè âûïîëíåíèå óñëîâèÿ 1) è 2) ïîëó÷èì òåîðåìó î ðåãóëÿðíîé
ðàçðåøèìîñòè óðàâíåíèÿ (1).

Îáîçíà÷èì ÷åðåç

P0u = P0

(
∂

∂t
,
∂

∂x

)
u = (−1)m

∂u (t, x)

γtn
+ (−1)m

∂nu (t, x)

∂xn
+Anu (t, x) ,

P1u = P1

(
∂

∂t
,
∂

∂x

)
u =

n−k−1∑
j=0

n−1∑
k=0

Ak,j
∂k+ju (t, x)

∂tj∂xk
,

è

Pu = P

(
∂

∂t
,
∂

∂x

)
u = P0u+ P1u, u ∈Wn

2

(
R2;H

)
.

Èìååò ìåñòî
Ëåììà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1) è 2). Òîãäà îïåðàòîð P :Wn

2

(
R2;H

)
→

L2

(
R2;H

)
åñòü íåïðåðûâíûé îïåðàòîð.
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Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ïðè u ∈Wn
2

(
R2;H

)
∥P0u∥2L2(R2;H) ≤

∥∥∥∥(−1)
∂nu (t, x)

∂tn
+ (−1)m

∂nu (t, x)

∂tn
+Anu

∥∥∥∥2
L2(R2;H)

≤

≤ 2

(∥∥∥∥∂nu (t, x)∂tn

∥∥∥∥2
L2(R2,H)

+

∥∥∥∥∂nu (t, x)∂xn

∥∥∥∥2
L2(R2,H)

+ ∥Anu∥2L2(R2,H)

)
≤

≤ 2 ∥u∥2Wn
2 (R+,H) (2)

Ñ äðóãîé ñòîðîíû

∥P1u∥L2(R2;H) =

∥∥∥∥∥∥
n−k−1∑
j=0

n−1∑
k=0

Ak,j
∂k+ju (t, x)

∂tj∂xk

∥∥∥∥∥∥
L2(R2;H)

.

Òàê êàê îïåðàòîðû iAk,j (k + j = 2s, s = 0,m) è Ak,j (k + j = 2s − 1, s = 0,m− 1)
ñèììåòðè÷íû âH èD

(
An−(k+j)

)
⊂ D (Ak,j), k, j = 0, n, òî ýòî îïåðàòîðû çàìûêàåìûå

â H è äëÿ ëþáîãî φ ∈ D
(
An−(k+j)

)
∥Ak,jφ∥ ≤ const

∥∥∥An−(k+j)φ
∥∥∥ ,

ò.å. îïåðàòîðû Ak,jA
(k+j)−n, k, j = 0, n îãðàíè÷åíû â H.

Òîãäà∥∥∥∥Ak,j ∂k+ju (t, x)∂tj∂xk

∥∥∥∥
L2(R2,H)

=
∥∥∥Ak,jA(k+j)−n

∥∥∥∥∥∥∥An−(k+j)∂
k+ju (t, x)

∂tj∂xk

∥∥∥∥
L2(R22,H)

≤

≤ const

∥∥∥∥An−(k+j)∂
k+ju (t, x)

∂tj∂xk

∥∥∥∥
L2(R2,H)

Îòñþäà ïîëó÷àåì, ÷òî

∥P1u∥L2(R2
+,H)

≤ const ∥u∥L2(R2
+,H)

(3)

Èç íåðàâåíñòâà (2) è (3) ñëåäóåò óòâåðæäåíèå ëåììû.

Äëÿ ïîëó÷åíèÿ òåîðåìû î ðåãóëÿðíîé ðàçðåøèìîñòè óðàâíåíèÿ (1) âàæíóþ ðîëü
èãðàåò ñëåäóþùàÿ òåîðåìà îá îöåíêå ðåçîëüâåíòû íà ìíèìûõ îñÿõ.

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1) è 2). Òîãäà ïðè (ξ, n) ∈ R2 ñóùåñòâóåò
ðåçîëüâåíòà P−1 (iξ, iη), ïðè÷åì èìååò ìåñòî îöåíêà

n∑
j=0

(1 + |ξ|+ |η|)j
∥∥An−jP−1 (iξ, iη)

∥∥ ≤ const.
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Äîêàçàòåëüñòâî. Ïóñòü âåêòîð φ ∈ Hn, (ξ, η) ∈ R2. Òîãäà î÷åâèäíî, ÷òî èç
óñëîâèÿ (2) ñëåäóåò, ÷òî ÷èñëî

(P1 (iξ, iη)φ, φ) =

n−k−1∑
j=0

n−1∑
k=0

(
Ak,j (iξ)

j (iη)k φ, φ
)
=

=

n−k−1∑
j=0

n−1∑
k=0

ik+jξjηk (Ak,jφ, φ)

áóäåò ÷èñòî ìíèìîå. Ïîýòîìó ïðè φ ∈ Hn

|P (iξ, iη)φ, φ| = |P0 (iξ, iη)φ, φ+ P1 (iξ, iη)φ, φ| ≥

≥ |P0 (iξ, iη)φ, φ| (4)

Ñ äðóãîé ñòîðîíû (n = 2m, m = 1, 2, ....)

(P0 (iξ, iη)φ, φ) =
((
ξnE + ηnE +A2m

)
φ, φ

)
≥

≥ (ξn + ηn + µn0 ) ∥φ∥
2 .

Çäåñü µ0 åñòü íèæíÿÿ ãðàíèöà ñïåêòðà îïåðàòîðà A. Òîãäà èç íåðàâåíñòâà (4) ñëåäóåò,
÷òî ïðè (ξ, n) ∈ R2 è φ ∈ Hn

∥ (P (iξ, iη)φ∥, ∥φ∥) ≥ (ξn + ηn + µn0 ) ∥φ∥
2 .

Îòñþäà èìååì, ÷òî P−1 (iξ, iη) ñóùåñòâóåò ïðè (ξ, n) ∈ R2 è èç íåðàâåíñòâà

∥P (iξ, iη)φ∥ ∥φ∥ ≥ |P (iξ, iη)φ, φ| ≥ (ξn + ηn + µn0 ) ∥φ∥
2

ñëåäóåò, ÷òî

∥P (iξ, iη)φ∥ ≥ (ξn + ηn + µn0 ) ∥φ∥

ò.å. ∥∥P−1 (iξ, iη)
∥∥ ≤ (ξn + ηn + µn0 )

−1 (5)

Îòñþäà èìååì, ÷òî

(1 + ξn + ηn)
∥∥P−1 (iξ, iη)

∥∥ ≤ const (6)

Òåïåðü ïîêàæåì, ÷òî ∥∥AnP−1 (iξ, iη)
∥∥ ≤ const.

Ïóñòü ψ ∈ H0 = H. Òîãäà î÷åâèäíî, ÷òî A−nψ ∈ Hn. Ïîýòîìó ïðè (ξ, η) ∈ R2∣∣P (iξ, iη)A−nψ, A−nψ
∣∣ ≥ (P0 (iξ, iη)A

−nψ, A−nψ
)
=

=
(
(ξn + ηn +An)A−nψ, A−nψ

)
= (ξn + ηn)

∥∥A−nψ
∥∥2 + (ψ,A−nψ

)
. (7)
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Ñëåäîâàòåëüíî ïðè ψ ∈ H, (ξ, η) ∈ R2(
ψ, A−nψ

)
≤
∥∥P (iξ, iη)A−nψ, A−nψ

∥∥ ≤

≤
∥∥P (iξ, iη)A−nψ, A−nψ

∥∥ ≤
∥∥P (iξ, iη)A−nψ

∥∥ ∥∥A−nψ
∥∥ ≤

≤
∥∥A−n∥∥ ∥ψ∥ ∥∥P (iξ, iη)A−nψ

∥∥
Îòñþäà èìååì, ÷òî

sup
∥ψ∥=1

(
ψ, A−nψ

)
≤
∥∥A−n∥∥ sup

∥ψ∥=1

∥∥P (iξ, iη)A−nψ
∥∥ (8)

Òàê êàê, sup
∥ψ∥=1

(ψ, A−nψ) = ∥A−n∥, òî èç íåðàâåíòñâà (7) ïîëó÷àåì, ÷òî

∥∥A−n∥∥ ≤
∥∥A−n∥∥∥∥P (iξ, iη)A−n∥∥ ,

ò.å. ∥P (iξ, iη)A−n∥ ≥ 1.

Òîãäà ∥∥AnP−1 (iξ, iη)
∥∥ ≤ 1 (9)

n∑
j=0

(1 + |ξ|+ |η|)j
∥∥An−jP−1 (iξ, iη)

∥∥ ≤ const.

Î÷åâèäíî, ÷òî ïðè j ̸= 0 è j ̸= n èñïîëüçóÿ íåðàâåíñòâî (5) èìååì∥∥∥(1 + |ξ|+ |η|)jn−jP−1 (iξ, iη)ψ
∥∥∥ =

=
∥∥∥(1 + |ξ|+ |τ |)j An−j (|ξ|n + |η|n +An)−1 ×

× (|ξ|n + |η|n +An)P−1 (iξ, iη)ψ
∥∥ ≤

≤
∥∥∥(1 + |ξ|+ |τ |)j An−j (|ξ|n + |η|n +An)

∥∥∥ const ∥ψ∥ .
Ñ äðóãîé ñòîðîíû ∥∥∥(1 + |ξ|+ |τ |)j An−j (|ξ|n + |η|n +An)−1 =

= sup
µ∈τ(A)

(
1

µ
+

|ξ|
µ

+
|τ |
µ

)j (∣∣∣∣ ξµ
∣∣∣∣n + ∣∣∣∣ηµ

∣∣∣∣n + 1

)−1

≤ const.

Òàêèì îáðàçîì, Òåîðåìà 1 äîêàçàíà.

Èñïîëüçóÿ òåîðåìó 1, äîêàæåì îñíîâíóþ òåîðåìó

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1) è 2) . Òîãäà óðàâíåíèå (1) ðåãóëÿðíî
ðàçðåøèìà.



66 Í.Ì.Ñóëåéìàíîâ

Äîêàçàòåëüñòâî. Ïî òåîðåìå 1 ïðè (ξ, η) ∈ R2 ðåçîëüâåíòà P−1 (iξ, iη) ñóùåñòâó-
åò. Òîãäà îáîçíà÷èì, ÷åðåç

u (t, x) =
1

2π

∫
R2

û (ξ, η) eiξt+iηxdξdη,

ãäå û (ξ, η) = P−1 (iξ, iη) f̂ (ξ, η).
Çäåñü f̂ (ξ, η) åñòü ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f (t, x). Î÷åâèäíî, ÷òî u (t, x)

óäîâëåòâîðÿåò óðàâíåíèþ (1) ïî÷òè âñþäó â R2. Ïîêàæåì, ÷òî u (t, x) ∈ Wn
2

(
R2,H

)
.

Ïî òåîðåìå Ïëàíøàðåëÿ

∥u∥2Wn
2 (R2;H) =

∥∥(ξ2n + η2n
)∥∥ û (ξ, η)2L2(R2,H) + ∥Aû (ξ, η)∥2+

+

n−k−1∑
j=0

n−1∑
k=0

∥∥∥An−(k+j)ξjηkû (ξ, η)
∥∥∥2
L2(R2;H)

(L2(R2;H)) =

=
∥∥∥(ξ2n + η2n +A2n

)
P−1 (iξ, iη) f̂ (ξ, η)

∥∥∥2
(
L2(R2;H)) (10)

Ïî òåîðåìå 1 ∥∥∥(ξn + ηn +An)P−1 (iξ, iη) f̂ (ξ, η)
∥∥∥ ≤ const

è ∥∥∥An−(k+j)ξjηkP−1 (iξ, iη)
∥∥∥ ≤ (1 + |ξ|+ |η|)k+j

∥∥∥An−(k+j)P−1 (iξ, iη)
∥∥∥ ≤ const.

Òîãäà èç íåðàâåíñòâà (10) ïîëó÷àåì, ÷òî

∥u (t, x)∥2Wn
2 (R2;H) ≤ const ∥f (t, x)∥2L2(R2;H) .

Ñëåäîâàòåëüíî, u (t, x) ∈Wn
2

(
R2;H

)
è óðàâíåíèå (1) ðåãóëÿðíî ðàçðåøèìà.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîô. Ñ.Ñ. Ìèðçîåâó çà öåííûå ñîâåòû.
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