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Òåîðåìû Òàóáåðîâà Òèïà äëÿ Ðÿäîâ Ôóðüå-ÃåãåíáàóýðàÔàðõàä Ç. ÂåëèåâÀííîòàöèÿ. Â äàííîé ñòàòüå óñòàíàâëèâàåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäîâ Ôóðüå-Ãåãåíáàóýðà ê ôóíêöèè f ∈ C [−1; 1], à òàêæå ïî÷òè âñþäó ñõîäèìîñòü ê f ∈ L1,λ. Ïîëó÷åííûåðåçóëüòàòû ÿâëÿþòñÿ íåêîòîðûì óñèëåíèåì ðåçóëüòàòîâ ïîëó÷åííûõ â ðàáîòå [1].Key Words and Phrases: ðÿäû Ôóðüå-Ãåãåíáàóýðà, ðàâíîìåðíàÿ ñõîäèìîñòü, ôóíêöèÿîáîáùåííîãî ñäâèãà, ìíîãî÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ.2010 Mathematics Subject Classi�cations: 40E05, 42A201. ÂâåäåíèåÎáîçíà÷èì ÷åðåç C [−1 ; 1] êëàññ íåïðåðûâíûõ ôóíêöèé íà îòðåçêå [−1 ; 1], à ÷åðåç
Lp,λ [−1 ; 1] - ïðîñòðàíñòâî ôóíêöèé ñóììèðóåìûõ ñ p-îé ñòåïåíüþ ïî âåñó (1−x2)λ−
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|f(x)|,
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∫ 1
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2 |f(x)|p dx

)

1

p

.Ïóñòü X îäíî èç ïðîñòðàíñòâ C èëè Lp,λ.Ôóíêöèè f ∈ X ïîñòàâèì â ñîîòâåòñòâèå åå ðÿä Ôóðüå
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∞
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aλn(f)P
(p)
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(λ)
n (x), êîòîðûå îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó íàîòðåçêå [−1 ; 1] ñ âåñîì (1− x2)λ−

1

2 , λ > 0.Ñóììà ïåðâûõ n- ÷ëåíîâ ðÿäà (1) ìîæíî ïðåäñòàâèòü â âèäå (ñì. [4], ñ.20)
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Atf(x) =

Γ
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)

Γ
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Γ(λ)

∫ π

0
(sinϕ)2λ−1f(x cos t+

√

1− x2 sin t cosϕ)dϕåñòü ôóíêöèÿ îáîáùåííîãî ñäâèãà (ñì. [8]).Ïóñòü Hn- ìíîæåñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ, à En(f)x- íàèëó÷øååïðèáëèæåíèå ôóíêöèè f ∈ X, òî åñòü, En(f)x = inf
Tn∈Hn

‖f − Tn‖x.Èç ðåçóëüòàòîâ ðàáîòû [1] ñëåäóåò, ÷òî óñëîâèå nλ En(f)c → 0 âëå÷åò çà ñîáîéðàâíîìåðíóþ ñõîäèìîñòü ðÿäà (1) ê ôóíêöèè f ∈ C.Â íàñòîÿùåé ðàáîòå ýòîò ðåçóëüòàò óñèëèâàåòñÿ çàìåíîé En(f)C íà En(f)Lp .2. Îñíîâíûå ðåçóëüòàòûÎïðåäåëåíèå. Ôóíêöèÿ f ∈ X íàçûâàåòñÿ ìåäëåííî êîëåáëþùåéñÿ, åñëè äëÿëþáîãî ε > 0 ñóùåñòâóþò òàêèå, çàâèñÿùèå îò ε ÷èñëà α(ε) è γ(ε), ÷òî äëÿ âñåõ
x è y, óäîâëåòâîðÿþùèõ óñëîâèþ α(ε) < x < y < γ(ε), ñïðàâåäëèâî íåðàâåíñòâî
|f(x)− f(y)| < ε.Ëåììà 1. Ïóñòü f ∈ C. Åñëè

lim
n→∞

n
2λ+1

p En(f)Lp < ∞, 1 ≤ p < 2 +
1

λ
;

lim
n→∞

nλ (lnn)
λ+1

2λ+1 En(f)Lp = 0, p = 2 +
1

λ
;

lim
n→∞

nλ En(f)Lp = 0, p > 2 +
1

λ
;òî ôóíêöèÿ S[t](f) ÿâëÿåòñÿ ìåäëåííî êîëåáëþùåéñÿ â C ôóíêöèåé.Ïóñòü Qn(x)- ìíîãî÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè f â ìåòðèêå Lp,λ,òîãäà ñ ó÷åòîì ðàâåíñòâà Sν {Qn(x)} = Qn(x), ν = n, n+ 1, ..., ïîëó÷èì
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∣
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.Ïîñêîëüêó [4] ‖Atf‖p,λ ≤ ‖f‖p,λ , òî ïî íåðàâåíñòâó Ãåëüäåðà èìååì
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∣
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= En(f)Lp (J1 + J2 + J3)
1

q(2)Ó÷èòûâàÿ íåðàâåíñòâà ([9], ñ.178-179)
P

(λ)
n (cos t) = O(1)n2λ−1, λ > 0, t ∈ [0; π] è
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∫

π
m−n

0 tλ(2−q)dt, 1 ≤ q < 2 + 1
λ
;

(m− n)qm2λq
∫
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=
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λ

(3)Èñïîëüçóÿ îöåíêó ([6], ñ.265)
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= O(1)mλq











1 , 1 ≤ q < 2λ+1
λ+1 ;

ln(m− n) , q = 2λ+1
λ+1 ;

(m− n)(λ+1)q−2λ−1 , q > 2λ+1
λ+1

+O(1)mλq

{

1 , 1 ≤ q ≤ 2

(m− n)λ(q−2) , q > 2
=

= O(1)mλq











1 , 1 ≤ q < 2λ+1
λ+1 ;

ln(m− n) , q = 2λ+1
λ+1 ;

(m− n)(λ+1)q−2λ−1 , q > 2λ+1
λ+1

(4)ïîñêîëüêó q ≥ 1, òî λ(q − 2) ≤ (λ+ 1)q − 2λ− 1.Òåïåðü ðàññìîòðèì èíòåãðàë J3 (ïðè óñëîâèè t = π − x).
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1
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λ
;

n
2λ+1

p · ε
λ
p
(2+ 1

λ
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(5)Ó÷èòûâàÿ (5) â (2), ïîëó÷èì óòâåðæäåíèå ëåììû.Òåîðåìà 1. Ïðè óñëîâèÿõ Ëåììû1 ðÿä (1) ðàâíîìåðíî ñõîäèòñÿ ê ôóíêöèè f(x).Èç ðåçóëüòàòîâ ðàáîòû [7] ñëåäóåò (C, 1)- ñóììèðóåìîñòü ðÿäîâ Ôóðüå-Ãåãåíáàóýðà.Ñîãëàñíî îäíîé èç òåîðåì òàóáåðîâà òèïà ([3], [4]), åñëè ðÿä ñóììèðóåì (C, 1),à S[t](t) - ìåäëåííî êîëåáëþùàÿñÿ ôóíêöèÿ, ÷òî ñëåäóåò èç Ëåììû 1, òî ðÿä (1)ðàâíîìåðíî ñõîäèòñÿ ê ôóíêöèè f(x).Ñðåäíèå Àáåëÿ-Ïóàññîíà ðÿäà (1) èìååò âèä
P(λ)
r (f ;x) =

Γ(λ+ 1)(1 − r2)

Γ(12 ) Γ(λ+ 1
2)

∫ π

0

sin2λ t Atf(x)

(1− 2r cos t+ r2)λ+1
dt.Ñïðàâåäëèâà (ñì. [5])Ëåììà 2. Äëÿ ëþáîãî 0 < r < 1 ñïðàâåäëèâî íåðàâåíñòâî

P(λ)
r (f ;x)− f(x) = O(1) (1 − r)

[ 1

1−r ]
∑

ν=1

Wf

(

x;
π

ν

)

,ãäå Wf (x; δ) = sup
0<t≤δ

1
t2λ+1

∫ t

0 |Atf(x)− f(x)| sin2λ tdt.Ñëåäñòâèå. Ïî÷òè äëÿ âñåõ x ∈ [−1; 1]

lim
r→1−0

P(λ)
r (f ;x) = f(x).Äåéñòâèòåëüíî, êàê ïîêàçàíî â ðàáîòå [2] ïî÷òè äëÿ âñåõ x ∈ [−1; 1]

lim
r→1−0

∫ 1−r

0
|Atf(x)− f(x)| sin2λ tdt = 0.Íî òîãäà Wf (x; δ) → 0 ïðè δ → 0, è ïîñêîëüêó 1− r ≤ 1

[ 1

1−r ]
, òî

P
(λ)
r (f ;x)− f(x) = O(1) 1

[ 1

1−r ]

∑[ 1

1−r ]
ν=1 Wf

(

x; π
ν

)

→ 0 ïðè r → 1− 0ñîãëàñíî êëàññè÷åñêîìó ðåçóëüòàòó Êîøè: åñëè Sν → S, òî 1
n

∑n
ν=1 Sν → S.Òåîðåìà 2. Ïóñòü f ∈ L1,λ. Òîãäà ïðè óñëîâèÿõ Ëåììû 1 ïî÷òè âñþäó

lim
n→∞

s(λ)n (f ;x) = f(x) (6)



Òåîðåìû Òàóáåðîâà Òèïà äëÿ Ðÿäîâ Ôóðüå-Ãåãåíáàóýðà 87Äåéñòâèòåëüíî, èç óñëîâèé Ëåììû 1 ñëåäóåò, ÷òî S[t](f) - ìåäëåííî êîëåáëþùàÿñÿôóíêöèÿ. Èç ñëåäñòâèÿ Ëåììû 2 âûòåêàåò ñóììèðóåìîñòü ðÿäà (1) ïî Àáåëþ. Òîãäàñîãëàñíî Òåîðåìå 1.3.5 èç [10] ñëåäóåò (6).Ñïèñîê ëèòåðàòóðû[1] Àãàõàíîâ Ñ.À., Íàòàíñîí Ã.È. Îòêëîíåíèå ñóììû Ôóðüå-ßêîáè â ãðàíè÷íûõòî÷êàõ ïðîìåæóòêà îðòîãîíàëüíîñòè // Âåñòè. ËÓ, No 7, 1968, ñ. 15-27.[2] Äæàìàëîâ Ì.Ø. Îá îäíîì îáîáùåíèè ïîíÿòèÿ "Òî÷êà Ëåáåãà"// Äåï. ÂÈÍÈÒÈ,No 4284-82, 1982, 24 ñ.[3] Æóê Â.Â. Ñòðóêòóðíûå ñâîéñòâà ôóíêöèé è òî÷íîñòü àïïðîêñèìàöèè. Ë. 1984.[4] Ibrahimov E.J. On Fourier coe�cient of some classes of functions and their applica-tions in approximation theory // Commentationes Mathematicae, 54 (2), (2014), p.209-246.[5] Èáðàãèìîâ Ý.Äæ., ÀñàäîâØ.Ì. Îá îäíîé ëîêàëüíîé òåîðåìå ïîðÿäêà ñõîäèìîñòèíà ñôåðå îáîáùåííîãî îïåðàòîðà Ïóàññîíà // Ó÷åí. çàï. ÀÃÓ, ñåð. ôèçèêà èìàòåìàòèêà.[6] Kogbetliants E. Sur la sommabilite de le serie ultraspherique a einterieur de eirtervalle(-1;1) par la methode des moyennes arithetiques // Bull. Soc. Math. de France., (1923),p. 244-295.[7] Êàëüíåé Ñ.Ã. Ðàâíîìåðíàÿ îãðàíè÷åííîñòü ìíîãî÷ëåíîâ ïî ïîëèíîìàì ßêîáè âìåòðèêå L // Äîêë. ÀÍ ÑÑÑÐ, ò. 222, No 5, 1975, c. 1024-1027.[8] Ïîòàïîâ Ì.Ê. Î ïðèáëèæåíèè ìíîãî÷ëåíàìè ßêîáè // Âåñòíèê ÌÃÓ, ñåð.ìàòåìàòèêà è ìåõàíèêà, 1977, No 5, ñ. 70-82.[9] Ñåãå Ã. Îðòîãîíàëüíûå ìíîãî÷ëåíû. ÔÌ, Ì. 1962.[10] Åîïóðèÿ Ñ.Á. Ñóììèðîâàíèå ìåòîäîì Àáåëÿ ïðîäèôôåðåíöèðîâàííîãî ðÿäàÔóðüå-Ëàïëàñà // Òðóäû Ãðóç. ïîëèòåõ. èí-òà, 1971, ò. 147, No 7.Ôàðõàä Ç. ÂåëèåâÀçåðáàéäæàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò íåôòè è ïðîìûøëåííîñòè,êàôåäðà îáùåé è ïðèêëàäíîé ìàòåìàòèêèÀçåðáàéäæàí, AZ1010, ã. Áàêó, ïðîñïåêò Àçàäëûã, 20E-mail:Received 01 November 2016Accepted 28 November 2016


