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Î ïîëíîòå è ìèíèìàëüíîñòè ñîáñòâåííûõ ôóíêöèé îä-

íîé ñïåêòðàëüíîé çàäà÷è â ïðîñòðàíñòâàõ Lp ⊕ C è Lp

Ò.Á. Êàñóìîâ, Ã.Â. Ìàãåððàìîâà, Ò.Ô. Êàñèìîâ

Àííîòàöèÿ. Â ðàáîòå èçó÷àåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ðàçðûâíîãî äèôôåðåíöèàëüíîãî

îïåðàòîðà âòîðîãî ïîðÿäêà ñ êîìïëåêñíîçíà÷íûì ñóììèðóåìûì ïîòåíöèàëîì, ïðè÷åì ñïåê-

òðàëüíûé ïàðàìåòð ëèíåéíî âõîäèò êàê â óðàâíåíèå, òàê è â óñëîâèå ðàçðûâà. Ïîñòðîåíà

ðåçîëüâåíòà ëèíåàðèçóþùåãî îïåðàòîðà è ïîëó÷åíà îöåíêà ðåçîëüâåíòû ïî ñïåêòðàëüíîìó

ïàðàìåòðó. Äîêàçàíû òåîðåìû î ïîëíîòå è ìèíèìàëüíîñòè ñîáñòâåííûõ è ïðèñîåäèíåííûõ

ôóíêöèé ñïåêòðàëüíîé çàäà÷è â ïðîñòðàíñòâàõ Lp ⊕ C è Lp.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè, ðàçðûâíûé äèôôåðåí-

öèàëüíûé îïåðàòîð, ìèíèìàëüíîñòü, ïîëíîòà.

2010 Mathematics Subject Classi�cations: 34L10; 34L30

1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñïåêòðàëüíàÿ çàäà÷à ñ òî÷êîé ðàçðûâà:

l (y) = −y′′ + q (x) y = λy, x ∈
(

0,
1

3

)⋃(
1

3
, 1

)
, (1)

y(0) = y(1) = 0,
y(1

3 − 0) = y(1
3 + 0),

y′(1
3 − 0)− y′(1

3 + 0) = λmy(1
3),

 (2)

çäåñü q (x) - êîìïëåêñíîçíà÷íàÿ ñóììèðóåìàÿ ôóíêöèÿ, λ - ñïåêòðàëüíûé ïàðàìåòð,
m � íåíóëåâîå êîìïëåêñíîå ÷èñëî. Ïîäîáíàÿ ñïåêòðàëüíàÿ çàäà÷à âîçíèêàåò ïðè ðå-
øåíèè ìåòîäîì Ôóðüå çàäà÷è êîëåáàíèÿ íàãðóæåííîé ñòðóíû ñ çàêðåïëåííûìè êîí-
öàìè. Ïðàêòè÷åñêàÿ çíà÷èìîñòü òàêèõ çàäà÷ îòìå÷åíû â èçâåñòíûõ ìîíîãðàôèÿõ (ñì.
íàïðèìåð [1-3]). Â ñëó÷àå, êîãäà ãðóç çàêðåïëåí â ñåðåäèíå ñòðóíû, íåêîòîðûå àñïåê-
òû ýòîé ñïåêòðàëüíîé çàäà÷è èçó÷åíû â [4,5]. Â ðàáîòå [6] íàéäåíû àñèìïòîòè÷åñêèå
ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è (1),(2). Â ðàáîòàõ
[7-11] çàäà÷à (1),(2) ðàññìàòðèâàëñÿ â ÷àñòíîì ñëó÷àå q (x) ≡ 0, ãäå äîêàçàíû òåîðåìû
î ïîëíîòå è áàçèñíîñòè ñîáñâåííûõ ôóíêöèé â ïðîñòðàíñòâàõ Lp ⊕C è Lp, â âåñîâûõ
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ïðîñòðàíñòâàõ Ëåáåãà, à òàêæå â ïðîñòðàíñòâàõ òèïà Ìîððè-Ëåáåãà. Îòìåòèì òàêæå
ðàáîòû [12-15], ãäå ñ ïðèìåíåíèåì ðàçëè÷íûõ ìåòîäîâ èçó÷åíû ñïåêòðàëüíûå ñâîéñòâà
âûøåóïîìÿíóòîé çàäà÷è â ñëó÷àÿõ, êîãäà ãðóç çàêðåïëåí â îäíîì èëè äâóõ êîíöàõ
ñòðóíû.

Ñïåêòðàëüíûå çàäà÷è ñ òî÷êîé ðàçðûâà è ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷-
íûõ óñëîâèÿõ ðàññìàòðèâàëèñü â ðàáîòàõ [16-18]. Òàêèå çàäà÷è èãðàþò âàæíóþ ðîëü
â ìàòåìàòèêå, ìåõàíèêå, ôèçèêå è â äðóãèõ îáëàñòÿõ åñòåñòâîçíàíèÿ, è èõ ïðèìå-
íåíèÿ ñâÿçàíû ñ ðàçðûâíîñòüþ ôèçè÷åñêèõ ñâîéñòâ ìàòåðèàëà. Èçó÷åíèå áàçèñíûõ
ñâîéñòâ ñïåêòðàëüíûõ çàäà÷ ñ òî÷êîé ðàçðûâà òðåáóåò ïðèâëå÷åíèÿ èíûõ ìåòîäîâ èñ-
ñëåäîâàíèÿ, îòëè÷íûõ îò ðàíåå èçâåñòíûõ. Â ðàáîòàõ [19,20] ïðåäëîæåí íîâûé ñïîñîá
èññëåäîâàíèÿ áàçèñíûõ ñâîéñòâ ðàçðûâíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Â íàñòî-
ÿùåé ðàáîòå èñïîëüçóÿ ìåòîäû ðàáîò [19,20], èññëåäóåòñÿ ïîëíîòà è ìèíèìàëüíîñòü
ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé çàäà÷è (1),(2) â áîëåå îáùåì ñëó÷àå, ÷åì â
[7-11].

2. Íåîáõîäèìûå ñâåäåíèÿ è âñïîìîãàòåëüíûå ðåçóëüòàòû

Ïðè ïîëó÷åíèè îñíîâíûõ ðåçóëüòàòîâ íàì ïîíàäîáÿòüñÿ íåêîòîðûå àáñòðàêòíûå ðå-
çóëüòàòû î ïîëíûõ è ìèíèìàëüíûõ ñèñòåìàõ â ïðÿìîé ñóììå áàíàõîâûõ ïðîñòðàíñòâ.

Ïóñòü X1 = X ⊕ Cm è {ûn}n∈N ⊂ X1 íåêîòîðàÿ ìèíèìàëüíàÿ ñèñòåìà, à
{
ϑ̂n

}
n∈N

⊂
X∗1 = X∗ ⊕ Cm åå áèîðòîãîíàëüíàÿ ñèñòåìà :

ûn = (un;αn1, ..., αnm) ; ϑ̂n = (ϑn;βn1, ..., βnm) .

Ïóñòü J = {n1, ..., nm} íåêîòîðûé íàáîð m íàòóðàëüíûõ ÷èñåë è NJ = N\J . Ïîëîæèì

δ = det ‖βnij‖i,j=1,m .

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2.1. [21, 22] Ïóñòü {ûn}n∈N ìèíèìàëüíà â X1 ñ ñîïðÿæåííîé
{
ϑ̂n

}
n∈N

⊂
X∗1 . Åñëè δ 6= 0, òî ñèñòåìà {un}n∈NJ ÿâëÿåòñÿ ìèíèìàëüíîé â X. Ïðè ýòîì

áèîðòîãîíàëüíî-ñîïðÿæåííàÿ ñèñòåìà èìååò âèä

ϑ∗n =
1

δ

∣∣∣∣∣∣∣∣
ϑn ϑn1 ϑnm
βn1 βn11 βnm1

. . . . . . . .
βnm βn1m βnmm

∣∣∣∣∣∣∣∣ . (3)

Åñëè {ûn}n∈N ïîëíà è ìèíèìàëüíà â X1 è δ 6= 0, òî {un}n∈N0
ïîëíà è ìèíèìàëüíà

â X. Åñëè æå {ûn}n∈N ïîëíà è ìèíèìàëüíà â X1, è δ = 0, òî ñèñòåìà {un}n∈N0
íå

ïîëíà â X.

Ïóñòü èìååò ìåñòî ïðÿìîå ðàçëîæåíèå X = X1⊕ . . . ⊕Xm, ãäå Xi,i = 1,m, íåêîòîðûå
áàíàõîâû ïðîñòðàíñòâà. Äëÿ óäîáñòâà ýëåìåíòû ïðîñòðàíñòâàX áóäåì îòîæäåñòâëÿòü
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ñ âåêòîðîì x ∈ X ⇔ x = (x1, ..., xm), ãäå xi ∈ Xi , i = 1,m. Íîðìó â X îïðåäåëèì

ïî ôîðìóëå ‖x‖X =
√∑m

i=1 ‖xi‖
2
Xi
. ßñíî, ÷òî X∗ = X∗1 ⊕ . . . ⊕ X∗m è äëÿ f ∈ X∗ è

x ∈ X èìååò ìåñòî < x , f >=
∑m

i=1 < xi, fi > (< · , · > −çíà÷åíèå ôóíêöèîíàëà),
ãäå f = (f1, ..., fm), fi ∈ X∗i , i = 1,m. Äëÿ xi ∈ Xi ÷åðåç x̃i îáîçíà÷èì ýëåìåíò èç X,

îïðåäåëÿåìûé ðàâåíñòâîì x̃i =

0, ..., xi︸ ︷︷ ︸
i

, ..., 0

.
Ïóñòü â êàæäîì ïðîñòðàíñòâå Xi, i = 1,m, çàäàíà íåêîòîðàÿ ñèñòåìà {uin}n∈N . Ðàñ-
ñìîòðèì â ïðîñòðàíñòâå X ñëåäóþùóþ ñèñòåìó:

ûin = (a
(n)
i1 u1n, ..., a

(n)
imumn), i = 1,m, n ∈ N. (4)

ãäå a
(n)
ik −íåêîòîðûå êîìïëåêñíûå ÷èñëà. Ïîëîæèì An =

(
a

(n)
ik

)
i,k=1,m

è ∆n = detAn.

Ñèñòåìó (4) ìîæíî ïðåäñòàâèòü â âèäå

ûin =
m∑
k=1

a
(n)
ik ũkn, i = 1,m;n ∈ N.

Â ðàáîòå [8] äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2.2. [8] Ïóñòü ñèñòåìà {uin}n∈N ïîëíà (ìèíèìàëüíà) â ïðîñòðàíñòâå

Xi, i = 1,m. Åñëè âûïîëíÿåòñÿ óñëîâèå ∆n 6= 0, ∀n ∈ N , òî ñèñòåìà {ûin}i=1,m;n∈N ,
îïðåäåëåííàÿ ôîðìóëîé (4), îáðàçóåò ïîëíóþ (ìèíèìàëüíóþ) ñèñòåìó â ïðîñòðàí-

ñòâå X. Åñëè ñèñòåìà {uin}n∈N ïîëíà è ìèíèìàëüíà â ïðîñòðàíñòâå Xi, i = 1,m, è

∃n0 ∈ N, ∆n0 = 0,òî ñèñòåìà {ûin}i=1,m;n∈N íå ïîëíà è íå ìèíèìàëüíà â ïðîñòðàí-

ñòâå X.

Ïîñòðîèì ëèíåàðèçóþùèé îïåðàòîð ñïåêòðàëüíîé çàäà÷è (1),(2). ×åðåçW k
p

(
0, 1

3

)
⊕

W k
p

(
1
3 , 1
)
îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé, ñóæåíèÿ íà îòðåçêè

[
0, 1

3

]
è
[

1
3 , 1
]
êîòî-

ðûõ ïðèíàäëåæàò ñîáîëåâñêèì ïðîñòðàíñòâàì W k
p

(
0, 1

3

)
è W k

p

(
1
3 , 1
)
, ñîîòâåòñòâåííî.

Îïðåäåëèì îïåðàòîð L â ïðîòñòðàíñòâå Lp(0, 1)⊕ C ñëåäóþùèì îáðàçîì:

D (L) =
{
_
u∈ Lp(0, 1)⊕ C :

_
u=

(
u (x) ; mu

(
1
3

))
, u ∈W 2

p

(
0, 1

3

)
⊕W 2

p

(
1
3 , 1
)
,

u(0) = u(1) = 0, u
(

1
3 − 0

)
= u

(
1
3 + 0

)} (5)

è äëÿ
_
u∈ D (L)

L
_
u=

(
l (u) ; u′

(
1

3
− 0

)
− u′

(
1

3
+ 0

))
. (6)

Òåîðåìà 2.3. Îïåðàòîð L, îðåäåëåííûé ôîðìóëàìè (5),(6), ÿâëÿåòñÿ ëèíåéíûì

ïëîòíî îïðåäåëåííûì çàìêíóòûì îïåðàòîðîì â Lp(0, 1) ⊕ C è èìååò êîìïàêòíóþ

ðåçîëüâåíòó. Ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L è ñïåêòðàëüíîé çàäà÷è (1),(2)
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ñîâïàäàþò, à ìåæäó ñîîòâåòñòâóþùèìè êîðíåâûìè âåêòîðàìè èìååòñÿ âçàèìíî-

îäíîçíà÷íîå ñîîòâåòñòâèå: åñëè u (x) êîðíåâàÿ ôóíêöèÿ çàäà÷è (1),(2), ñîîòâåò-

ñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ λ, òî
_
u=

(
u (x) ; mu

(
1
3

))
- êîðíåâîé âåêòîð

îïåðàòîðàL, ñîîòâåòñòâóþùèé òîìó æå ñîáñòâåííîìó çíà÷åíèþ λ.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ïåðâîé ÷àñòè òåîðåìû âîçüìåì
_
u= (u, α) ∈

Lp(0, 1)⊕ C è îïðåäåëèì ôóíêöèîíàë F (
_
u) ñëåäóþùèì îáðàçîì:

F (
_
u) = mu

(
1

3

)
− α (7)

Îïðåäåëèì òàêæå â Lp(0, 1)⊕ C ñëåäóþùèå ôóíêöèîíàëû

Uν(
_
u) = Uν(u), ν = 1, 2, 3. (8)

Òîãäà ôóíêöèîíàëû F,Uν , ν = 1, 2, 3, îãðàíè÷åíû âW 2
p

(
0, 1

3

)
⊕W 2

p

(
1
3 , 1
)
⊕C è íåîãðà-

íè÷åíû â Lp(0, 1)⊕ C. Îïðåäåëèì ìàêñèìàëüíûé îïåðàòîð M ñëåäóþùèì îáðàçîì:

D (M) =

{
_
u= (u; α) : u ∈W 2

p

(
0,

1

3

)⋃(
1

3
, 1

)
, u

(
1

3
− 0

)
= u

(
1

3
+ 0

)
, α = mu

(
1

3

)}
è ∀û ∈ D (M) : Mû =

(
l (u) ;u′

(
1
3 − 0

)
− u′

(
1
3 + 0

))
. Îäíîâðåìåííî îïðåäåëèì ìèíè-

ìàëüíûé îïåðàòîð M0:

D (M0) =

{ _
u= (u; α) : u ∈W 2

p

(
0, 1

3

)⋃ (1
3 , 1
)
, u(i) (0) = u(i) (1) = 0, i = 1, 2,

u′
(

1
3 − 0

)
= u′

(
1
3 + 0

)
= 0, u

(
1
3 − 0

)
= u

(
1
3 + 0

)
, α = mu

(
1
3

) }
.

Î÷åâèäíî, ÷òî M0 ⊂ L ⊂M .
Òåïåðü ðàññìîòðèì ñîïðÿæåííóþ ñïåêòðàëüíóþ çàäà÷ó :

l∗ (ϑ) = −ϑ′′ + q (x)ϑ = λϑ, x ∈
(

0,
1

3

)⋃(
1

3
, 1

)
, (9)

ϑ (0) = ϑ (1) = 0,
ϑ
(

1
3 − 0

)
= ϑ

(
1
3 + 0

)
,

ϑ′
(

1
3 − 0

)
− ϑ

(
1
3 + 0

)
= λmϑ

(
1
3

)
.

(10)

Ëèíåàðèçèþùèì îïåðàòîðîì çàäà÷è (9), (10) ÿâëÿåòñÿ ñîïðÿæåííûé îïåðàòîðL∗, äåé-

ñòâóþùèé â ïðîñòðàíñòâå Lq(0, 1)⊕C
(

1
p + 1

q = 1
)
. Àíàëîãè÷íî îïðåäåëÿþòñÿ ìàêñè-

ìàëüíûé è ìèíèìàëüíûé îïåðàòîðû T è T0, ïîðîæäåííûå ñîïðÿæåííîé çàäà÷åé (9),
(10) â ïðîñòðàíñòâå Lq(0, 1)⊕C. Äëÿ íèõ òàêæå âûïîëíÿþòñÿ ñîîòíîøåíèÿT0 ⊂ L∗ ⊂
T . Ñ äðóãîé ñòîðîíû, ∀û ∈ D (L0) è ∀ϑ̂ ∈ D (T ) èìååì〈

M0û, ϑ̂
〉

=
∫ 1

0 l (u)ϑ (x)dx+
(
u′
(

1
3 − 0

)
− u′

(
1
3 + 0

))
mϑ

(
1
3

)
=
∫ 1

0 u (x) l∗ (ϑ)dx+

+
[
−uϑ′ + u′ϑ

]x= 1
3
−0

x=0
+
[
−uϑ′ + u′ϑ

]x=1

x= 1
3

+0
+
(
u′
(

1
3 − 0

)
− u′

(
1
3 + 0

))
mϑ

(
1
3

)
=

=
∫ 1

0 u (x) l∗ (ϑ)dx+mu
(

1
3

) (
ϑ′
(

1
3 − 0

)
− ϑ′

(
1
3 + 0

))
=
〈
û, T ϑ̂

〉
.
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Àíàëîãè÷íî ïðîâåðÿåòñÿ ñîîòíîøåíèå
〈
M0û, ϑ̂

〉
=
〈
û, T ϑ̂

〉
, ∀û ∈ D (L), ∀ϑ̂ ∈ D (T0).

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî

M∗0 = T ; T ∗0 = M.

Òàê êàê ìèíèìàëüíûé îïåðàòîðM0 ÿâëÿåòñÿ êîíå÷íîìåðíûì ñóæåíèåì ñîîòâåòñòâóþ-
ùåãî îïåðàòîðà Êîøè, ïîëó÷àåì, ÷òîM0 - ïëîòíî îïðåäåëåííûé çàìêíóòûé îïåðàòîð.
Êðîìå ýòîãî, îïåðàòîð Êîøè èìååò êîìïàêòíóþ ðåçîëüâåíòó, è ïîýòîìó îïåðàòîð L
êàê êîíå÷íîìåðíîå ðàñøèðåíèå ìèíèìàëüíîãî îïåðàòîðà (èëè æå êàê êîíå÷íîìåð-
íîå ñóæåíèå ìàêñèìàëüíîãî îïåðàòîðà) òàêæå èìååò êîìïàêòíóþ ðåçîëüâåíòó (ñì.
[25,26]).
Âòîðÿ ÷àñòü òåîðåìû ïðîâåðÿåòñÿ íåïîñðåäñòâåííî. Òåîðåìà äîêàçàíà.
Òåïåðü ïîñòðîèì ðåçîëüâåíòó îïåðàòîðà L. Äëÿ ýòîãî ñïåðâà ïîñòðîèì ôóíêöèþ Ãðè-
íà çàäà÷è (1),(2). Îíà ñòðîèòñÿ êàê ÿäðî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ðåøåíèÿ íåîä-
íîðîäíîãî óðàâíåíèÿ

−y′′(x) + q (x) y (x)− λy(x) = f(x), (11)

óäîâëåòâîðÿþùåãî ãðàíè÷íûì óñëîâèÿì (2). Îáùåå ðåøåíèå çàäà÷è (11),(2) èùåì â
âèäå

y(x) =

{
y1(x), x ∈

[
0, 1

3

]
,

y2(x), x ∈
[

1
3 , 1
]
,

(12)

Ïðèìåíÿÿ ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ íà êàæäîì îòðåçêå
[
0, 1

3

]
è[

1
3 , 1

]
, ïîèùåì ôóíêöèè y1 (x) , y2 (x) â ñëåäóþùåì âèäå:{

y1(x) = c11y11(x) + c12y12(x) + y01 (x) , x ∈
[
0, 1

3

]
,

y2(x) = c21y21(x) + c22y22(x) + y02 (x) , x ∈
[

1
3 , 1

]
,

(13)

çäåñü yi1 (x) , yi2 (x) , i = 1, 2, - ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ (1) ñîîòâåòñòâåí-
íî â îòðåçêàõ

[
0, 1

3

]
è
[

1
3 , 1

]
, à ôóíêöèè y01 (x) , y02 (x) - ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ

(11) ñîîòâåòñòâåííî â îòðåçêàõ
[
0, 1

3

]
è
[

1
3 , 1

]
. Ñîãëàñíî ìåòîäó âàðèàöèè ïðîèçâîëü-

íûõ ïîñòîÿííûõ äëÿ ÷àñòíûõ ðåøåíèé ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:{
y01 (x) =

∫ 1
3

0 g1 (x, ξ, λ) f (ξ) dξ,

y02 (x) =
∫ 1

1
3
g2 (x, ξ, λ) f (ξ) dξ,

(14)

ãäå

g1 (x, ξ, λ) =

{
− 1

2W1(ξ) (y11 (x) y12 (ξ)− y12 (x) y11 (ξ)) , x < ξ,
1

2W1(ξ) (y11 (x) y12 (ξ)− y12 (x) y11 (ξ)) , x > ξ,
(15)

g2 (x, ξ, λ) =

{
− 1

2W2(ξ) (y21 (x) y22 (ξ)− y22 (x) y21 (ξ)) , x < ξ,
1

2W2(ξ) (y21 (x) y22 (ξ)− y22 (x) y21 (ξ)) , x > ξ,
(16)

çäåñü Wk (ξ) , k = 1, 2, ÿâëÿåòñÿ îïðåäåëèòåëåì Âðîíñêîãî äëÿ ôóíêöèé
yk1 (ξ) , yk2 (ξ) , k = 1, 2.Ïîòðåáóåì, ÷òîáû ôóíêöèÿ y (x), îïðåäåëåííàÿ ðàâåíñòâàìè
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(12)-(16), óäîâëåòâîðÿëà ãðàíè÷íûì óñëîâèÿì (2). Ïåðåïèøåì ãðàíè÷íûå ôîðìû, âõî-
äÿùèå â (2) â ñëåäóþùåì âèäå:

Uν (y) = Uν1 (y) + Uν2 (y) ,
ν = 1, 4,

}
(17)

çäåñü îáîçíà÷åíû

U11(y) = y(0), U12(y) ≡ 0,

U21(y) ≡ 0, U22(y) = y(1),

U31(y) = y(
1

3
− 0), U32(y) = −y(

1

3
+ 0),

U41(y) = y′(
1

3
− 0), U42(y) = −y′(1

3
+ 0)− λmy(

1

3
+ 0).

Òîãäà äëÿ íàõîæäåíèÿ íåèçâåñòíûõ cj,k ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ,{

Uν (y) =
∑2

j,k=1 cjkUνj (yjk) +
∫ 1

3
0 Uν1 (g1) f (ξ) dξ +

∫ 1
1
3
Uν2 (g2) f (ξ) dξ = 0,

ν = 1, 4.
(18)

Îïðåäåëèâ ÷èñëà cj,k èç (18) è ïîäñòàâèâ èõ çíà÷åíèÿ â (13), äëÿ ôóíêöèé y1 (x) , y2 (x)
ïîëó÷èì ñëåäóþùèå ôîðìóëû:

y1(x) =
∫ 1

3
0 G11(x, ξ, ρ)f(ξ)dξ +

∫ 1
1
3
G12(x, ξ, ρ)f(ξ)dξ, x ∈

[
0, 1

3

]
,

y2(x) =
∫ 1

3
0 G21(x, ξ, ρ)f(ξ)dξ +

∫ 1
1
3
G22(x, ξ, ρ)f(ξ)dξ, x ∈

[
1
3 , 1
]
.

(19)

Ñ ó÷åòîì ïîñëåäíåãî èç (12), ïîñëå ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé, ïîëó÷àåì, ÷òî
ðåøåíèÿ çàäà÷è (11),(2) ïðåäñòàâëÿåòñÿ â âèäå:

y(x) =

∫ 1

0
G(x, ξ, ρ)f(ξ)dξ, (20)

çäåñü

G (x, ξ, λ) =

2∑
i,j=1

χi (x)χj (ξ)Gij (x, ξ, λ) ; Gij (x, ξ, λ) =
1

∆ (λ)
Hij (x, ξ, λ) ; (21)

χ1 (·) , χ2 (·) - õàðàêòåðèñòè÷åñêèå ôóíêöèè ïðîìåæóòêîâ
[
0, 1

3

]
è
(

1
3 , 1

]
ñîîòâåòñòâåí-
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íî, à ôóíêöèè Hij (x, ξ, λ) , i, j = 1, 2, îïðåäåëÿþòñÿ ñëåäóþùèìè ôîðìóëàìè:

Hij(x, ξ, ρ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

δijgj χ1 (x) y11 (x) χ1 (x) y12 (x) χ2 (x) y21 (x) χ2 (x) y22 (x)

U1j (gj) U11 (y11) U11 (y12) U12 (y21) U12 (y22)

U2j (gj) U21 (y11) U21 (y12) U22 (y21) U22 (y22)

U3j (gj) U31 (y11) U31 (y12) U32 (y21) U32 (y22)

U4j (gj) U41 (y11) U41 (y12) U42 (y21) U42 (y22)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(22)

Äëÿ ïîñòðîåíèÿ ðåçîëüâåíòû îïåðàòîðà L ðàññìîòðèì óðàâíåíèå

Lû− λ _
u=

_
f (23)

çäåñü
_
u∈ D (L) ,

_
f= (f, β) ∈ Lp(0, 1)⊕C. Ïåðåïèøåì óðàâíåíèå (23) ïîêîìïîíåíòíî

â ñëåäóþùåì âèäå: 
l (u) = λu+ f,

u′
(

1
3 − 0

)
− u′

(
1
3 + 0

)
− λmu

(
1
3

)
= β,

Uν(u) = 0, ν = 1, 2, 3.

(23‘)

Ðåøåíèå óðàâíåíèÿ (23‘) ïîèùåì â ñëåäóþùåì âèäå:

u(x, λ) =

{
C11y11(x) + C12y12(x) + y1(x), x ∈

[
0, 1

3

]
,

C21y21(x) + C22y22(x) + y2(x), x ∈
[

1
3 , 1
]
,

(24)

çäåñü ôóíêöèè y1(x) è y2(x) îïðåäåëåíû ôîðìóëàìè (19). Òàê êàê ôóíêöèÿ y(x),
îïðåäåëåííàÿ ôîðìóëîé (20) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì (2), ìîæíî íàïèñàòü{

Uν(y) = 0,
ν = 1, 4,

(25)

Ïîòðåáóåì, ÷òîáû ôóíêöèÿ u(x, ρ) óäîâëåòâîðÿëà óñëîâèÿì{
Uν(u) = 0, ν = 1, 3,
U4(u) = β,

Òîãäà ñ ó÷åòîì (25) èç (24) ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé{
C11Uν1(y11) + C12Uν1(y12) + C21Uν2(y21) + C22Uν2(y22) = 0, ν = 1, 3,
C11U41(y11) + C12U41(y12) + C21U42(y21) + C22U42(y22) = β.
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Ðåøèâ ýòó ñèñòåìó îòíîñèòåëüíî Ckj ïîëó÷èì

C11 = − β
∆(ρ)U11(y12) [U22(y21)U32(y22)− U22(y22)U32(y21)] ,

C12 = β
∆(ρ)U11(y11) [U22(y21)U32(y22)− U22(y22)U32(y21)] ,

C21 = β
∆(ρ)U22(y22) [U11(y11)U31(y12)− U11(y12)U31(y11)] ,

C22 = − β
∆(ρ)U22(y21) [U11(y11)U31(y12)− U11(y12)U31(y11)] .

Ïîäñòàâèì ýòè çíà÷åíèÿ Ckj â (24). Òîãäà ñ ó÷åòîì ôîðìóë (20)-(22) ïîëó÷èì ñëåäó-
þùåå ïðåäñòàâëåíèå:

u (x) = G0 (x, λ, β) +

∫ 1

0
G (x, ξ, λ) f (ξ) dξ, (26)

ãäå 
G (x, ξ, λ) =

∑2
i,j=1 χi (x)χj (ξ)Gij (x, ξ, λ) ,

Gij (x, ξ, λ) = 1
∆(λ)Hij (x, ξ, λ) ,

G0 (x, λ, β) = 1
∆(λ)H0 (x, λ, β) ,

(27)

H0 (x, λ, β) =

∣∣∣∣∣∣∣∣∣∣
χ1 (x) y11 (x)
U11 (y11)

χ1 (x) y12 (x)
U11 (y12)

χ2 (x) y21 (x)
U12 (y21)

χ2 (x) y22 (x)
U12 (y22)

U21 (y11) U21 (y12) U22 (y21) U22 (y22)
U31 (y11) U31 (y12) U32 (y21) U32 (y22)
U41 (y11) U41 (y12) U42 (y21) U42 (y22)

0
0
0
0
β

∣∣∣∣∣∣∣∣∣∣
,

(28)
Hij (x, ξ, λ) , i, j = 1, 2, îïðåäåëåíû ôîðìóëîé (22). Ïðåäñòàâëåíèå äëÿ u

(
1
3

)
ïîëó÷à-

åòñÿ èç (26) ïîäñòàíîâêîé x = 1
3 . Òàêèì îáðàçîì äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2.4. Ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà λ, óäîâëåòâîðÿþùåãî óñëîâèþ ∆ (λ) 6=
0 è äëÿ ëþáîãî

_
f= (f, β) ∈ Lp(0, 1)⊕C óðàâíåíèå (23) èìååò åäèíñòâåííîå ðåøåíèå

_
u=

(
u,mu

(
1
3

))
è äëÿ ýòîãî ðåøåíèÿ ñïðàâåäëèâû ôîðìóëû (26)-(28). Ñîáñòâåííûìè

çíà÷åíèÿìè îïåðàòîðà L ìîãóò áûòü ëèøü íóëè ôóíêöèè ∆ (λ) è ïîýòîìó èõ íå

áîëåå ÷åì ñ÷åòíîå ÷èñëî ñ åäèíñòâåííî âîçìîæíîé ïðåäåëüíîé òî÷êîé â áåñêîíå÷íî-

ñòè. Êîðíåâûå âåêòîðà îïåðàòîðà L îáðàçóþò ìèíèìàëüíóþ ñèñòåìó â ïðîñòðàí-

ñòâå Lp(0, 1)⊕ C.

Íàì ïîíàäîáÿòñÿ òàêæå íåêîòîðûå ðåçóëüòàòû èç ðàáîòû [6]. Äëÿ èõ ôîðìóëèðîâ-
êè ââåäåì ñëåäóþùèå ôóíêöèè:

q1 (x) =
1

2

∫ x

0
q (t) dt, q2 (x) =

1

2

∫ 1

x
q (t) dt. (29)
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Òåîðåìà 2.5. [6] Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1),(2) àñèìïòîòè÷åñêè ïðîñòû è

ñîñòîÿò èç òðåõ ñåðèé: λi,n = ρ2
i,n, i = 1, 2, 3; n = 1, 2, ..., ãäå äëÿ ÷èñåë ρi,n ñïðàâåä-

ëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:
ρ1,n = 3πn+O

(
1
n2

)
,

ρ2,n = 3πn+ α1
n +O

(
1
n2

)
,

ρ3,n = 3πn− 3π
2 + α2

n +O
(

1
n2

)
,

(30)

çäåñü îáîçíà÷åíû α1 = 3+2mq1+2mq2
3πm , α2 = −1+mq2

3πm ,q1 = q1

(
1
3

)
, q2 = q2

(
1
3

)
.

Òåîðåìà 2.6. [6] Äëÿ ñîáñòâåííûõ ôóíêöèé yi,n (x) çàäà÷è (1),(2), ñîîòâåòñòâóþ-
ùèõ ñîáñòâåííûì çíà÷åíèÿì λi,n = (ρ1,n)2 , i = 1, 2, 3;n ∈ N, ñïðàâåäëèâû ñëåäóþùèå

àñèìïòîòè÷åñêèå ôîðìóëû:

y1n (x) =

{
sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ1 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(31)

y2,n (x) =

{
sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ2 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(32)

y3,n (x) =

{
O
(

1
n

)
, x ∈

[
0, 1

3

]
,

γ3,n cos 3π
(
n− 1

2

)
x+O

(
1
n

)
, x ∈

[
1
3 , 1
]
,

(33)

ãäå îáîçíà÷åíû γ1 = (1 +mq1) , γ2 = mq1−mq2
3 , γ3 = m.

3. Îñíîâíûå ðåçóëüòàòû

Èç ðåçóëüòàòîâ ïðåäûäóùåãî ïóíêòà (Teoðåìà 2.4) ñëåäóåò, ÷òî êîðíåâûå âåêòîðà
îïåðàòîðà L, ëèíåàðèçóþùåãî çàäà÷ó (1),(2) îáðàçóþò ìèíèìàëüíóþ ñèñòåìó â ïðî-
ñòðàíñòâå Lp (0, 1) ⊕ C. Äëÿ èññëåäîâàíèÿ ïîëíîòû ñèñòåìû êîðíåâûõ âåêòîðîâ îïå-
ðàòîðà L íåîáõîäèìî ïîëó÷èòü îöåíêó ðåçîëüâåíòû ïî ñïåêòðàëüíîìó ïàðàìåòðó. Â
ïðåäûäóùåì ïóíêòå äëÿ ðåçîëüâåíòû ïîëó÷åíû ôîðìóëû (26)-(28). Äëÿ ïîëó÷åíèÿ
àñèìïòîòè÷åñêîé îöåíêè ðåçîëüâåíòû áóäåì èñïîëüçîâàòü àñèìïòîòè÷åñêèå ôîðìóëû
äëÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé óðàâíåíèÿ (1) â îòðåçêàõ

[
0, 1

3

]
è
[

1
3 , 1
]
. Ýòè

ðåøåíèÿ îáîçíà÷èì ÷åðåç y11 (x, ρ) , y12 (x, ρ) è y21 (x, ρ) , y22 (x, ρ) ñîîòâåòñòâåííî. Èç-
âåñòíî, ÷òî (ñì.[24, ñòð.58-59, Òåîðåìà 1]) äëÿ ýòèõ ðåøåíèé ñïðàâåäëèâû ñëåäóþùèå
àñèìïòîòè÷åñêèå ôîðìóëû: y

(j−1)
1k (x, ρ) = (ρωk)

j−1 eρωkx
(

1 +O
(

1
ρ

))
, x ∈

[
0, 1

3

]
, j, k = 1, 2,

y
(j−1)
2k (x, ρ) = (ρωk)

j−1 eρωk(x−
1
3)
(

1 +O
(

1
ρ

))
, x ∈

[
1
3 , 1
]
, j, k = 1, 2,

(34)

çäåñü ω1 = −ω2 = i,ρ ïðèíàäëåæèòü îäíîìó èç ÷åòûðåõ S-ñåêòîðîâ [24, ñòð.62]. Ó÷è-
òûâàÿ ôîðìóëû (??) â ãðàíè÷íûõ ôîðìàõ, ïîëó÷èì ñëåäóþùèå àñèìïòîòè÷åñêèå âû-
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ðàæåíèÿ:
U11(y11) = [1] , U11(y12) = [1] , U12(y21) = 0, U12(y22) = 0,

U21(y11) = 0, U21(y12) = 0, U22(y21) = e
2iρ
3 [1] , U22(y22) = e−

2iρ
3 [1] ,

U31(y11) = e
iρ
3 [1] , U31(y12) = e−

iρ
3 [1] , U32(y21) = − [1] , U32(y22) = − [1] ,

U41(y11) = iρe
iρ
3 [1] , U41(y12) = −iρe−

iρ
3 [1] , U42(y21) = −ρ2m [1] , U42(y22) = −ρ2m [1] .

(35)
Çäåñü è â äàëüíåéøåì âåçäå ÷åðåç [a] îáîçíà÷àåòñÿ àñèìïòîòè÷åñêèå âûðàæåíèÿ âèäà

a+O
(

1
ρ

)
. Â ôîðìóëàõ (15),(16) îáçíà÷èì

zik (ξ) =
Wik (ξ)

Wi (ξ)
, i, k,= 1, 2, (36)

Çäåñü Wi (ξ) - âðîíñêèàí ôóíêöèé yi1 (ξ) , yi2 (ξ), à Wik (ξ) - àëãåáðàè÷åñêèå äîïîë-
íåíèÿ ýëåìåíòîâ åãî ïåðâîé ñòðîêè. Äëÿ îöåíêè ðåçîëüâåíòû ïî ñïåêòðàëüíîìó ïà-
ðàìåòðó íàäî îöåíèòü ôóíêöèþ u (x), îïðåäåëåííîé ïî ôîðìóëå (26), à òàêæå ôóíê-
öèè Gij (x, ξ, λ), îïðåäåëåííûå ïî ôîðìóëå (27). Âûïîëíèì íåêîòîðûå ïðåîáðàçîâàíèÿ
íàä îïðåäåëèòåëÿìè Hij (x, ξ, λ) èç (28). Ïðîäåìîíñòðèðóåì ýòè ïðåîáðàçîâàíèÿ íàä
H11 (x, ξ, λ), à äëÿ äðóãèõ îïðåäåëèòåëåé ýòî äåëàåòñÿ àíàëîãè÷íî. Äëÿ îïðåäåëåííî-
ñòè ðàññìîòðèì ñëó÷àé 0 ≤ ξ < x ≤ 1

3 . Â ýòîì ñëó÷àå ñîãëàñíî ôîðìóëå (28) èìååì

H11 (x, ξ, λ) =

∣∣∣∣∣∣∣∣∣∣
y11 (x)
U11 (y11)

y12 (x)
U11 (y12)

0
U12 (y21)

0
U12 (y22)

U21 (y11) U21 (y12) U22 (y21) U22 (y22)
U31 (y11) U31 (y12) U32 (y21) U32 (y22)
U41 (y11) U41 (y12) U42 (y21) U42 (y22)

g1 (x, ξ)
U11 (g1)
U21 (g1)
U31 (g1)
U41 (g1)

∣∣∣∣∣∣∣∣∣∣
(37)

À òàêæå ñîãëàñíî ôîðìóëå (36) èìååì

z11 (ξ) =
y12 (ξ)

W1 (ξ)
, z12 (ξ) = −y11 (ξ)

W1 (ξ)

Ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ óìíîæèì ïåðâûé è âòîðîé ñòîëáåö îïðåäåëèòåëÿ (37) íà
1
2z11 (ξ) è 1

2z12 (ξ), ñîîòâåòñòâåííî, è äîáàâèì ê ïîñëåäíåìó ñòîëáöó. Òîãäà ïîëó÷èì

H11 (x, ξ, λ) =

∣∣∣∣∣∣∣∣∣∣
y11 (x)
U11 (y11)

y12 (x)
U11 (y12)

0
U12 (y21)

0
U12 (y22)

U21 (y11) U21 (y12) U22 (y21) U22 (y22)
U31 (y11) U31 (y12) U32 (y21) U32 (y22)
U41 (y11) U41 (y12) U42 (y21) U42 (y22)

y11 (x) z11 (ξ)
U11 (y11) z11 (ξ)

0
U31 (y11) z11 (ξ)
U41 (y11) z11 (ξ)

∣∣∣∣∣∣∣∣∣∣
.

(38)
Ñ äðóãîé ñòîðîíû, íà îñíîâàíèè ôîðìóë (34) èìååì

W1 (ξ) = y′11 (ξ) y12 (ξ)− y′12 (ξ) y11 (ξ) = 2i [1] ,
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ïîýòîìó,

z11 (ξ) =
1

2i
e−iρξ [1] , z12 (ξ) = − 1

2i
eiρξ [1] . (39)

Ó÷èòûâàÿ òåïåðü (35) è (39) â (38), è óïðîñòèâ ïîëó÷åííûå îïðåäåëèòåëè, ïîëó÷èì

H11 (x, ξ, λ) =

∣∣∣∣∣∣∣∣∣∣∣

eiρx [1]
[1]

e−iρx [1]
[1]

0
0

0
0

0 0 e
2iρ
3 [1] e−

2iρ
3 [1]

e
iρ
3 [1] e−

iρ
3 [1] − [1] − [1]

e
iρ
3 [1] −e−

iρ
3 [1] iρm [1] iρm [1]

eiρ(x−ξ) [1]
eiρξ [1]

0

eiρ(
1
3
−ξ) [1]

eiρ(
1
3
−ξ) [1]

∣∣∣∣∣∣∣∣∣∣∣
.

(40)
À äëÿ ôóíêöèè ∆ (ρ), íà îñíîâàíèè ôîðìóë (35), ïîëó÷àåòñÿ ñëåäóþùåå àñèìïòîòè-
÷åñêîå âûðàæåíèå:

∆ (ρ) = det ‖Uνk(ykj)‖k,j=1,2; ν=1,4 =

=

∣∣∣∣∣∣∣∣∣
[1] [1] 0 0

0 0 e
2iρ
3 [1] e−

2iρ
3 [1]

e
iρ
3 [1] e−

iρ
3 [1] − [1] − [1]

iρe
iρ
3 [1] − iρe−

iρ
3 [1] − ρ2m [1] − ρ2m [1]

∣∣∣∣∣∣∣∣∣ =

= iρ
(
−iρm

(
e
iρ
3 [1] + e−

iρ
3 [1]

)
+ iρm

(
eiρ [1] + e−iρ [1]

)
+ 2

(
eiρ [1]− e−iρ [1]

))
.

(41)

Êàê îòìå÷åíî âûøå, êîìïëåêñíàÿ ρ-ïëîñêîñòü ðàçáèòà íà ÷åòûðå ñåêòîðà Sν−1, ν =
1, 4, â êàæäîì èç êîòîðûõ ñïðàâåäëèâû ôîðìóëû (34). Ýòè ñåêòîðà ñîâïàäàþò ñîîò-
âåòñòâåííî, ñ I, II, III, IV ÷åòâåðòÿìè êîìïëåêñíîé ρ-ïëîñêîñòè. Ïðåäïîëîæèì, ÷òî
ρ ∈ S0

⋃
S1. Òîãäà Imρ ≥ 0 è, ñëåäîâàòåëüíî, Re (iρ) ≤ 0 ≤ Re (−iρ). Ñ ó÷åòîì ýòîãî,

èç (41) ïðè áîëüøèõ çíà÷åíèÿõ |ρ| â îáëàñòè Kδ, ÿâëÿþùåéñÿ âíåøíîñòüþ êðóæêîâ ñ
öåíòðàìè â íóëÿõ ∆ (ρ) è ñ îäèíàêîâûìè ðàäèóñàìè δ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

|∆ (ρ)| ≥ mδ |ρ|2 |m| e−Re(iρ). (42)

Òåïåðü ìîæåì ïåðåéòè ê íåïîñðåäñòâåííîé îöåíêè ðåçîëüâåíòû R (λ) = (L− λI)−1 .
Ïóñòü Ωδ îáðàç îáëàñòè Kδ â êîìïëåêñíîé λ-ïëîñêîñòè ïðè îòîáðàæåíèè λ = ρ2.

Òåîðåìà 3.1. Äëÿ ðåçîëüâåíòû îïåðàòîðà L, ëèíåàðèçóþùåãî ñïåêòðàëüíóþ çàäà÷ó

(1),(2), â îáëàñòè Ωδ ïðè áîëüøèõ çíà÷åíèÿõ |λ| ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

‖R (λ)‖ ≤ Mδ

|λ|
1
2

. (43)

Äîêàçàòåëüñòâî. Äëÿ îöåíêè ðåçîëüâåíòû íåîáõîäèìî îöåíèòü ïàðó(
u (x) ,mu

(
1
3

))
êàê ýëåìåíò ïðîñòðàíñòâà Lp (0, 1) ⊕ C. Ñïåðâà îöåíèì ôóíêöèè

G (x, ξ, λ) è G0 (x, λ, β). Äëÿ îöåíêè G (x, ξ, λ) íàäî îöåíèòü êàæäóþ êîìïàíåíòó
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Gij (x, ξ, λ). Äëÿ îïðåäåëåííîñòè îöåíèì G11 (x, ξ, λ). Òàê êàê λ = ρ2, òî äîñòàòî÷íî
ðàññìîòðåòü òîëüêî ñëó÷àé ρ ∈ S0

⋃
S1. Ïðè ρ ∈ Kδè ïðè áîëüøèõ çíà÷åíèÿõ|ρ|,

ó÷èòûâàÿ ñîîòíîøåíèÿ (40) è (42), èç (27) ïîëó÷èì

|G11 (x, ξ, λ)| = 1

|∆ (ρ)|
|H11 (x, ξ, ρ)| ≤ 1

mδ |ρ|2 |m| eImρ
|H11 (x, ξ, ρ)| . (44)

Â ôîðìóëå (40) ôóíêöèè H11 (x, ξ, ρ) â ïåðâîì, òðåòüåì è ïÿòîì ñòîëáöå âñå êîì-
ïîíåíòû èìåþòü âèä ýêñïîíåíòû ñ îòðèöàòåëüíûì ïîêàçàòåëåì, è ïîýòîìó îãðà-
íè÷åíû. Åñëè âûíîñòè èç âòîðîé, ÷åòâåðòîé è ïÿòîé ñòðîêè ñîîòâåòñòâåííî e

1
3
Imρ,

e
2
3
Imρ è ρm, êàê îáùèé ìíîæèòåëü, òî ó ïîëó÷åííîãî îïðåäåëèòåëÿ âñå êîìïîíåí-

òû áóäóò îãðàíè÷åííûìè ðàâíîìåðíî ïî x, ξ ∈
[
0, 1

3

]
. Ó÷èòûâàÿ ýòî â (44) ïîëó÷èì,

÷òî ðàâíîìåðíî ïî x, ξ ∈
[
0, 1

3

]
è ïðè ρ ∈ Kδ, |ρ| ≥ r0, ñïðàâåäëèâî íåðàâåíñòâî

|H11 (x, ξ, ρ)| ≤ const · |ρm| eImρ, à îòñþäà è íåðàâåíñòâî

|G11 (x, ξ, λ)| ≤ Mδ

|λ|
1
2

, λ ∈ Ωδ, |λ| ≥ r2
0.

Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî òàêàÿ æå îöåíêà âåðíà è äëÿ äðóãèõ êîìïîíåíòîâ, à
òàêæå è äëÿ ôóíêöèè G0 (x, λ, β). Ñëåäîâàòåëüíî, ðàâíîìåðíî ïî x, ξ ∈ [0, 1] è ïðè
λ ∈ Ωδ, |λ| ≥ r2

0, âåðíû íåðàâåíñòâà

|G (x, ξ, λ)| ≤ Mδ

|λ|
1
2

(45)

è

|G0 (x, λ, β)| ≤ Mδ

|λ|
1
2

|β| (46)

Çäåñü ïîñòîÿííàÿMδ çàâèñèò òîëüêî îò δ, è íå çàâèñèò îò ïåðåìåííûõ x, ξ, λ. Âîîáùå
ãîâîðÿ, â ðàçëè÷íûõ ìåñòàõ ÷åðåç Mδ îáîçíà÷àåì ðàçëè÷íûå ïîñòîÿííûå.
Îöåíèì òåïåðü ôóíêöèþ u (x). Ó÷èòûâàÿ íåðàâåíñòâà (45) è (46) â ôîðìóëå (26)
ïîëó÷èì

|u (x)| ≤ |G0 (x, λ, β)|+
∫ 1

0

∣∣∣G̃ (x, ξ, λ)
∣∣∣ |f (ξ)| dξ ≤

≤ Mδ

|λ|
1
2
|β|+ Mδ

|λ|
1
2

∫ 1
0 |f (ξ)| dξ ≤ Mδ

|λ|
1
2

(
‖f‖Lp + |β|

)
.

(47)

Îòñþäà ïîëó÷àåòñÿ íåðàâåíñòâî

‖u‖Lp ≤
Mδ

|λ|
1
2

∥∥∥f̂∥∥∥
Lp⊕C

.

Òàê êàê íåðàâåíñòâî (47) âûïîëíÿåòñÿ ðàâíîìåðíî ïî x ∈ [0, 1], òî äëÿ îöåíêè
∣∣u (1

3

)∣∣
äîñòàòî÷íî ïîëîæèòü â (47) x = 1

3 . Òåîðåìà äîêàçàíà.

Òåîðåìà 3.2. Êîðíåâûå âåêòîðà {ŷin}∞i=1,3;n∈Nîïåðàòîðà L îáðàçóþòü ïîëíóþ ñèñòå-

ìó â ïðîñòðàíñòâå Lp (0, 1)⊕ C, 1 < p <∞.
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Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 3.1 äëÿ ðåçîëüâåíòû îïåðàòîðà L ñïðàâåäëèâà
îöåíêà (43) . Ýòà îöåíêà îçíà÷àåò, ÷òî äëÿ ðåçîëüâåíòû R (λ) = (L− λI)−1 âåðíî
íåðàâåíñòâî ∥∥R (ρ2

)∥∥ ≤ Cδ
|ρ|
, ρ ∈ Kδ, |ρ| ≥ r0. (48)

Ïðåäïîëîæèì, ÷òî ñèñòåìà êîðíåâûõ âåêòîðîâ îïåðàòîðà L íå ïîëíà â ïðîñòðàíñòâå
Lp (0, 1)⊕C. Òîãäà ñóùåñòâóåò âåêòîð ĝ ∈ Lq (0, 1)⊕C, îðòîãîíàëüíûé âñåì êîðíåâûì
ïîäïðîñòðàíñòâàì îïåðàòîðà L, ò.å.〈

Qnf̂ , ĝ
〉

= 0,∀f̂ ∈ Lp (0, 1)⊕ C, n = 0, 1, 2, ...,

è îòñþäà Q∗nĝ = 0, n = 0, 1, 2, ...; çäåñü ÷åðåç Qn îáîçíà÷åíû ðèññîâñêèå ïðîåêòîðû
îïåðàòîðà L :

Qn =
1

2πi

∮
|λ−λn|=r

R (λ) dλ.

Â ýòîì ñëó÷àå î÷åâèäíî, ÷òî Q∗n, n ∈ N0, (N0 = N
⋃
{0}) , áóäóò ðèññîâñêèìè ïðî-

åêòîðàìè ñîïðÿæåííîãî îïåðàòîðà L∗. Îòñþäà ñëåäóåò, ÷òî R (λ, L∗) ĝ áóäåò öåëîé
ôóíêöèåé âî âñåé λ- ïëîñêîñòè. Ñ äðóãîé ñòîðîíû, íà îñíîâàíèè îöåíêè (43) âåðíî
íåðàâåíñòâî

‖R (λ, L∗)‖ ≤ Cδ

|λ|
1
2

, λ ∈ Ωδ, |λ| ≥ r2
0, (49)

Òîãäà ïî ïðèíöèïó ìàêñèìóìà íåðàâåíñòâî (49) óäîâëåòâîðÿåòñÿ âî âñåé λ-ïëîñêîñòè
è R (λ, L∗) ĝ → 0 ïðè |λ| → ∞, è ïî òåîðåìå Ëèóâèëëÿ ýòî îçíà÷àåò, ÷òî öåëàÿ
ôóíêöèÿR (λ, L∗) ĝ ÿâëÿåòñÿ ïîñòîÿííîé ôóíêöèåé. Òîãäà ïðîäèôôåðåíöèðóÿ ýòó
ôóíêöèþ è ó÷èòûâàÿ, ÷òî d

dλR (λ, L∗) = R2 (λ, L∗), ïîëó÷àåì, ÷òî R2 (λ, L∗) ĝ = 0.
Òàê êàê ïðè âñåõ λ ∈ ρ (L∗) îïåðàòîð R (λ, L∗) îäíîçíà÷åí, ïîëó÷àåì, ÷òî ĝ = 0, à ýòî
îçíà÷àåò, ÷òî êîðíåâûå âåêòîðà îïåðàòîðà L îáðàçóþò ïîëíóþ ñèñòåìó â ïðîñòðàíñòâå
Lp(0, 1)⊕ C. Òåîðåìà äîêàçàíà.
Ñ ó÷åòîì Òåîðåìû 2.4 èç Òåîðåìû 3.2 ñëåäóåò ñëåäóþùåå

Ñëåäñòâèå 3.1. Êîðíåâûå âåêòîðà {ŷin}∞i=1,3;n∈Nîïåðàòîðà L îáðàçóþòü ïîëíóþ è

ìèíèìàëüíóþ ñèñòåìó â ïðîñòðàíñòâå Lp (0, 1)⊕ C, 1 < p <∞.
Èç Òåîðåìû 3.2 ñëåäóåò òàêæå, ÷òî ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíê-
öèé ñïåêòðàëüíîé çàäà÷è (1),(2) ïåðåïîëíåíà â ïðîñòðàíñòâå Lp(0, 1) è â ýòîé ñèñòåìå
îäíà ôóíêöèÿ ëèøíÿÿ. Ïîýòîìó âûÿñíèì âîïðîñ î òîì, ÷òî êàêóþ ôóíêöèþ ìîæíî
èñêëþ÷èòü èç ýòîé ñèñòåìû ñ ñîõðàíåíèåì ñâîéñòâà ïîëíîòû è ìèíèìàëüíîñòè. Ïóñòü
{ẑin}∞i=1,3;n∈Náèîðòîãîíàëüíàÿ ê {ŷin}

∞
i=1,3;n∈Nñèñòåìà. Îíà ÿâëÿåòñÿ ñèñòåìîé êîðíå-

âûõ âåêòîðîâ ñîïðÿæåííîãî îïåðàòîðà L∗, ïðè÷åì ẑin =
(
zin (x) , m̄zin

(
1
3

))
, ãäå zin (x)

ÿâëÿåòñÿ ñîáñòâåííîé èëè ïðèñîåäèíåííîé ôóíêöèåé ñîïðÿæåííîé ñïåêòðàëüíîé çà-
äà÷è. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 3.3. Äëÿ òîãî ÷òîáû ñèñòåìà, ïîëó÷åííàÿ èç ñèñòåìû ñîáñòâåííûõ è ïðè-

ñîåäèíåííûõ ôóíêöèé {yin (x)}∞i=1,3;n∈Nñïåêòðàëüíîé çàäà÷è (1),(2) ïîñëå èñêëþ÷åíèÿ
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íåêîòîðîé ôóíêöèè yi0n0 (x), áûëà ïîëíà è ìèíèìàëüíà â ïðîñòðàíñòâå Lp(0, 1), 1 ≤
p < ∞, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû ñîîòâåòñòâóþùàÿ ôóíêöèÿ zi0n0 (x) óäî-

âëåòâîðÿëà óñëîâèþ zi0n0

(
1
3

)
6= 0.

Äîêàçàòåëüñòâî ñëåäóåò èç Òåîðåìû 2.1.

Äàííàÿ ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôîíäà Ðàçâèòèÿ Íàóêè ïðè
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