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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèéíåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõóðàâíåíèé âòîðîãî ïîðÿäêàÑàðäàðîâà Ð.À., Çàìàíîâà Ñ.À., Àëåêïåðîâà È.Ò., Øàðèôîâ ß.À.Àííîòàöèÿ. Â ðàáîòå äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé äëÿíåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ïðè íåëîêàëüíûõ êðàåâûõóñëîâèÿõ. Äëÿ èëëþñòðàöèè ïîëó÷åííûõ ðåçóëüòàòîâ ïðèâåäåí êîíêðåòíûé ïðèìåð.Key Words and Phrases: Íåëîêàëüíûå êðàåâûå çàäà÷è, òåîðåìà î ñóùåñòâîâàíèè èåäèíñòâåííîñòè, ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé Áàíàõà, äèôôåðåíöèàëüíûå óðàâíåíèÿâòîðîãî ïîðÿäêà 1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è.Íåîáõîäèìîñòü èçó÷åíèÿ êðàåâûõ çàäà÷ âîçíèêàåò ïðè ðåøåíèè ìíîãèõçàäà÷ åñòåñòâîçíàíèÿ, òåõíèêè, ýêîíîìèêè, îïèñûâàåìûõ ñèñòåìàìè îáûêíîâåííûõäèôôåðåíöèàëüíûõ óðàâíåíèé. Áîëüøîå çíà÷åíèå èìåþò âîïðîñû ñóùåñòâîâàíèÿ èåäèíñòâåííîñòü ðåøåíèé êðàåâûõ çàäà÷, à òàê æå ïîñòðîåíèé ðåøåíèé òàêèõ êðàåâûõçàäà÷ äëÿ òàêèõ ñèñòåì. Õîòÿ òåîðèè êðàåâûõ çàäà÷ ïîñâÿùåíî áîëüøîå êîëè÷åñòâîèññëåäîâàíèé, íåêîòîðûå íàïðàâëåíèÿ ýòîé òåîðèè òðåáóþò äàëüíåéøåãî ðàçâèòèÿ. Â÷àñòíîñòè, îñòàþòñÿ îòêðûòûìè âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòü ðåøåíèéêðàåâûõ çàäà÷ äëÿ íåêîòîðûõ êëàññîâ íåëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåìâòîðîãî ïîðÿäêà. Òàêèì îáðàçîì, ïîëó÷åíèå êîíñòðóêòèâíûõ óñëîâèé ðàçðåøèìîñòèè ðàçðàáîòêà ýôôåêòèâíûõ àëãîðèòìîâ ïîñòðîåíèÿ ðåøåíèé òàêèõ êðàåâûõ çàäà÷ÿâëÿåòñÿ âàæíåé çàäà÷åé.Â äàííîé ðàáîòå äîêàçàíà òåîðåìà î ñóùåñòâîâàíèå è åäèíñòâåííîñòè ðåøåíèéíåëîêàëüíîé êðàåâîé çàäà÷è äëÿ ñëåäóþùåãî çàäà÷è

y′′ = f (t, y) , t ∈ (0, 1) , (1)
A1y (0) +A2y (1) = C1, (2)http://www.jcam.azvs.az 27 c© 2011 JCAM All rights reserved.
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B1y

′ (0) +B2y
′ (1) = C2, (3)ãäå y ∈ Rn−ñîñòîÿíèå ñèñòåìû, f : [0, 1] × Rn → Rn çàäàííàÿ âåêòîð ôóíêöèÿ,

A1, A2, B1, B2 ∈ Rn×n çàäàííûå êâàäðàòíûå ìàòðèöû, ïðè÷åì det (A1 +A2) 6= 0 è
det (B1 +B2) 6= 0; C1, C2 ∈ R1×n èçâåñòíûå âåêòîðû. Êðàåâûå çàäà÷è òàêîãî òèïàâñòðå÷àþòñÿ â ðàçëè÷íûõ ïðèëîæåíèÿõ (ñì. [1,2]).Îáîçíà÷èì AC1 ([0, 1] ;Rn)ïðîñòðàíñòâî äèôôåðåíöèðóåìûõ ôóíêöèé y : [0, 1] →
Rn ó êîòîðûõ ïåðâàÿ ïðîèçâîäíàÿ y′ àáñîëþòíî ïðåðûâíà. Ïóñòü C ([0, 1] , Rn) -áàíàõîâîå ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèè íà [0, 1] ñî çíà÷åíèÿìè â Rn ñ íîðìîé

‖y‖ = max
[0,1]

|y (t)| ,ãäå ÷åðåç |·|îáîçíà÷åíà åâêëèäîâàÿ íîðìà â Rn.Ïóñòü L1 ([0, 1] , Rn) áàíàõîâîå ïðîñòðàíñòâî ôóíêöèé y : [0, 1] → Rn èíòåãðèðóåìûõïî Ëåáåãó ñ íîðìîé
‖y‖L1 =

∫ 1

0
|y (t)| dt.Ïðåäïîëàãàåòñÿ ôóíêöèÿ f : [0, 1] × Rn → Rn óäîâëåòâîðÿåò óñëîâèþ Êàðàòåîäîðè,ò.å.à) îòîáðàæåíèå t → f (t, u)- èçìåðèìà äëÿ ëþáîãî u ∈ Rn;á) äëÿ ïî÷òè âñåõ t ∈ [0, 1] îòîáðàæåíèå u → f (t, u) íåïðåðûâåí îòíîñèòåëüíî u.Åñëè ôóíêöèÿ y ∈ AC1 ((0, 1) ;Rn) óäîâëåòâîðÿåò ñîîòíîøåíèé (1)-(3), òî ôóíêöèÿ

y (·) íàçûâàåòñÿ ðåøåíèé êðàåâîé çàäà÷è (1)-(3).2. Îñíîâíûå ðåçóëüòàòû.Äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà ñôîðìóëèðóåì ñëåäóþùóþâñïîìîãàòåëüíóþ ëåììó.Ëåììà. Ïóñòü σ ∈ L1 ([0, 1] ;Rn). Òîãäà ôóíêöèÿ
y (t) =

∫ 1

0
H (t, s) σ (s) ds+GAC1 −GAA2GBC1 + tGBC2 (4)ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è

y′′ (t) = σ (t) ,ï.â.t ∈ (0, 1) (5)
A1y (0) +A2y (1) = C1, (6)
B1y

′ (0) +B2y
′ (1) = C2, (7)ãäå
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H (t, s) =

{

GBB1t−GAA1s−GAA2GBB1, 0 ≤ s ≤ t ≤ 1
−GBB2t+GAA2s−GAA2GBB1, 0 ≤ t ≤ s ≤ 1

, (8)
GA = (A1 +A2)

−1, GB = (B1 +B2)
−1

.Äîêàçàòåëüñòâî: Ïóñòü ôóíêöèÿ y ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèå (5). Òîãäà
y′ (t) = y′ (0) +

∫ t

0
σ (s) ds (9)

y (t) = y (0) + ty′ (0) +

∫ t

0
(t− s) σ (s) ds (10)çäåñü y′ (0)è y (0) ïîêà ïðîèçâîëüíûå ïîñòîÿííûå âåêòîðû.Ïîòðåáóåì, ÷òîáû ôóíêöèÿy′ (t) îïðåäåëÿåìûì ðàâåíñòâîì (9) óäîâëåòâîðÿåò óñëîâèþ(7). Òîãäà y′ (0) ìîæíî îïðåäåëèòü îäíîçíà÷íî

(B1 +B2) y
′ (0) +B2

∫ 1

0
σ (t) dt = C1Îòñþäà

y′ (0) = GBC1 −GBB2

∫ 1

0
σ (t) dt (11)Çíà÷åíèþ y′ (0), îïðåäåëÿåìîå ðàâåíñòâîì (11) ó÷òåì â (10). Òîãäà

y (t) = y (0) + t

(

GBC1 −GBB2

∫ 1

0
σ (s) ds

)

+

∫ t

0
(t− s) σ (s) ds (12)Òåïåðü ñ ïîìîùüþ óñëîâèé (7) îïðåäåëèì y (0) èç (12).Òîãäà

(A1 +A2) y (0) +A2GBC1 −A2GBB2

∫ 1

0
σ (s) ds+A2

∫ t

0
(t− s)σ (s) ds = C2Îòñþäà

y (0) = GAC2 −GAA2GBC1 +GAA2GBB2

∫ 1

0
σ (s) ds−GAA2

∫ 1

0
(t− s)σ (s) ds (13)Òåïåðü ó÷òåì (13) â (12), òîãäà äëÿ ðåøåíèÿ êðàåâîé çàäà÷è (5)-(7) ïîëó÷àåìñëåäóþùóþ ôîðìóëó

y (0) = GAC2 −GAA2GBC1 +GAA2GBB2

∫ 1
0 σ (s) ds−GAA2

∫ 1
0 (t− s)σ (s) ds+

+t
(

GBC1 −GBB2

∫ 1
0 σ (s) ds

)

+
∫ t

0 (t− s)σ (s) ds.
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y (t) = GAC1 −GAA2GBC1 + tGBC2 +

∫ 1

0
H (t, s)σ (s) ds, (14)ãäå ìàòðè÷íàÿ ôóíêöèÿ H (t, s) îïðåäåëÿåòñÿ ðàâåíñòâîì (8). Ëåììà äîêàçàíà.Çàìåòèì ÷òî, äëÿ âñåõ (t, s) ∈ [0, 1] × [0, 1]

‖H‖ ≤ L,ãäå L íåêîòîðîå íåîòðèöàòåëüíîå ÷èñëî.Òåîðåìà. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ Êàðàòåîäîðè, êðîìåòîãî, ñóùåñòâóåò K (t) ∈ L1 ([0, 1] ;Rn) òàêîå, ÷òî
|f (t, x2)− f (t, x1)| ≤ K (t) |x2 − x1| (15)äëÿ ëþáîãî x1, x2 ∈ Rn, t ∈ [0, 1].Åñëè

L ‖K‖L1 < 1, (16)òî êðàåâàÿ çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå.Äîêàçàòåëüñòâî: äëÿ äîêàçàòåëüñòâà òåîðåìû áóäåì ïðèìåíÿòü ïðèíöèïñæèìàþùèõ îòîáðàæåíèé Áàíàõà. Äëÿ ýòîãî íåîáõîäèìî êðàåâóþ çàäà÷ó (1)�(3) ïðèâåñòè ê ýêâèâàëåíòíîìó èíòåãðàëüíîìó óðàâíåíèþ. Àíàëîãè÷íûìèðàññóæäåíèÿìè, êîòîðîå áûëî ïðîâåäåíà ïðè äîêàçàòåëüñòâà ëåììû, êðàåâóþçàäà÷ó (1)-(3) ìîæíî ïåðåïèñàòü â ñëåäóþùåì ýêâèâàëåíòíîì âèäå
y (t) =

∫ 1

0
H (t, s) f (s, y (s)) ds+GAC1 −GAA2GBC1 + tGBC2. (17)Îïðåäåëèì îïåðàòîð F : C ([0, 1] ;Rn) → C ([0, 1] ;Rn) ïî ïðàâèëó

F (y) (t) =

∫ 1

0
H (t, s) f (s, y (s)) ds+GAC1 −GAA2GBC1 + tGBC2. (18)Áóäåì ïîêàçûâàòü, ÷òî îïåðàòîð F îïðåäåëÿåìûé ðàâåíñòâîì (18) ÿâëÿåòñÿñæèìàþùèì. Ïóñòü y1, y2 ∈ C ([0, 1] ;Rn) ïðîèçâîëüíûå ýëåìåíòû. Òîãäà äëÿ ëþáîãî

t ∈ [0, 1] èìååì
|F (y2) (t)− F (y1) (t)| ≤

∫ 1

0
|H (t, s)|·|f (s, y2 (s))− f (s, y1 (s))| ds ≤ L

∫ 1

0
|K (t)| dt ‖y2 − y1‖ .Çäåñü ó÷èòûâàÿ óñëîâèþ (15) ïîëó÷àåì

‖F (y2)− F (y1)‖ ≤ L ‖K‖L1 · ‖y2 − y1‖ .



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé íåëîêàëüíûõ êðàåâûõ 31Çäåñü ó÷èòûâàÿ óñëîâèþ (16), ïîëó÷àåì ÷òî, îïåðàòîð F ÿâëÿåòñÿ ñæèìàþùèì. Ýòîîçíà÷àåò ÷òî èíòåãðàëüíîå óðàâíåíèå (17) èìååò åäèíñòâåííîå ðåøåíèå. Òåîðåìàäîêàçàíà.Ïðèìåð. Ïóñòü çàäàíà ñëåäóþùàÿ êðàåâàÿ çàäà÷à:
y′′1 = 1

2 sin y2
y′′2 = 1

2 cos y1

}

t ∈ [0, 1] , y1 (0) = 0, y′1 (1) = 0, y2 (1) = 0, y′2 (0) = 0 (19)Î÷åâèäíî, ÷òî â äàííîé êðàåâîé çàäà÷å A1 +A2 = E, B1 +B2 = E.Òîãäà, ñîãëàñíî ðàâåíñòâó (8), ìàòðèöà ôóíêöèÿ H (t, s) îïðåäåëÿåòñÿ ñ ïîìîùüþñëåäóþùåé ðàâåíñòâîì:
H (t, s) =















(

−s 0
−1 t

)

0 ≤ s ≤ t ≤ 1
(

−t 0
−1 s

)

0 ≤ t ≤ s ≤ 1.Òàê êàê ‖H‖ = 1, ‖K‖L1 = 1
2 è L ‖K‖L1 = 1

2 < 1, òî êðàåâàÿ çàäà÷à äëÿ ñèñòåìäèôôåðåíöèàëüíûõ (19) óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå.ËÈÒÅÐÀÒÓÐÀ1. M. Benchohra, J.J. Nieto, A. Quahab, Second-order boundary value problem with in-tegral boundary conditions. Boundary Value Problems, vol. 2011, Article ID 260309,9 pages, 2011.2. A. Bouncherif, Second order boundary value problems with integral boundary con-ditions, Nonlinear Analysis, 70, (2009), pp. 368-379.Sardarova R.À.Azerbaijan State Economic University, Azerbaijan, BakuZamanova S.À.Azerbaijan State Economic University, Azerbaijan, BakuAlekperova I.Ò.Azerbaijan State Economic University, Azerbaijan, BakuSharifov Y.À.Baku State University, Azerbaijan, BakuEmail: sharifov22@rambler.ruReceived 30 February 2012Accepted 06 March 2012


