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Ècñëåäîâàíèå ñïåêòðàëüíîé çàäà÷è ñîîòâåòñòâóþùåé

ñìåøàííîé çàäà÷å äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòåðæåíÿ

Àñàäîâà Î. Ã., Ìóñàåâà Ñ.Ç.

Àííîòàöèÿ. Ìåòîä êîíòóðíîãî èíòåãðàëà Ðàñóëîâà Ì.Ë. [1], [2] ÿâëÿåòñÿ îäíèì èç
êëàññè÷åñêèõ ìåòîäîâ ðåøåíèÿ ñìåøàííûõ çàäà÷ è çàäà÷è Êîøè äëÿ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè êàê ïðèíàäëåæàùèõ òàê è íå ïðèíàäëåæàùèõ òèïîâîé
êëàññèôèêàöèè ïî Ïåòðîâñêîìó È.Ã. Ñóùåñòâóåò äîâîëüíî ìíîãî ðàáîò ïîñâÿùåííûõ
èññëåäîâàíèþ òàêèõ çàäà÷ ([1], [2], [3], [4]) âûøåóêàçàííûì ìåòîäîì. Îäíèì èç ýòàïîâ
ïðèìåíÿåìîãî ìåòîäà ÿâëÿåòñÿ èññëåäîâàíèå ãðàíè÷íîé çàäà÷è çàâèñÿùåé îò ïàðàìåòðà,
íàçûâàåìîé ñïåêòðàëüíîé çàäà÷åé ñîîòâåòñòâóþùåé ñìåøàííîé çàäà÷å.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñïåêòðàëüíîé çàäà÷è,
ñîîòâåòñòâóþùåé ñìåøàííîé çàäà÷å äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòåðæåíÿ, öåëüþ
êîòîðîé ÿâëÿåòñÿ äîêàçàòåëüñòâî ïðèìåíåíèÿ ìåòîäà êîíòóðíîãî èíòåãðàëà
ê ðåøåíèþ ñìåøàííîé çàäà÷è äëÿ óðàâíåíèé íå ïðèíàäëåæàùèõ òèïîâîé
êëàññèôèêàöèè ïî Ïåòðîâñêîìó.

Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ðåøåíèÿ óðàâíåíèÿ

∂2v(x, t)

∂t2
+
∂4v(x, t)

∂x4
= f(x, t), x ∈ (0, 1), t > 0 (1)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

∂kv(x, t)

∂xk

∣∣∣∣
x=0

= ϕk(t),
∂k+1v(x, t)

∂xk+1

∣∣∣∣
x=1

= ψk(t) t > 0 (k = 0, 1) (2)

è íà÷àëüíûì óñëîâèÿì

∂sv(x, t)

∂t3

∣∣∣∣
t=0

= φs(x), x ∈ (0, 1), (s = 0, 1) (3)

ãäå ôóíêöèè f(x, t), ϕk(t), ψk(t) (k = 0, 1) è ϕs(x) (s = 0, 1) ÿâëÿþòñÿ äîñòàòî÷íî
ãëàäêèìè ôóíêöèÿìè ñâîèõ àðãóìåíòîâ ïðè x ∈ (0, 1) è t > 0
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Ïî ñõåìå ìåòîäà êîíòóðíîãî èíòåãðàëà, ïðèìåíÿÿ ê îáåèì ÷àñòÿì óðàâíåíèÿ (1) è
ãðàíè÷íûõ óñëîâèé (2) èíòåãðàëüíûé îïåðàòîð

I[f ] =

∞∫
0

e−λ
2tf(t)dt (4)

è ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ (3) ïîëó÷èì ñëåäóþùóþ ãðàíè÷íóþ çàäà÷ó,
çàâèñÿùóþ îò ïàðàìåòðà, íàçûâàåìóþ ñïåêòðàëüíîé çàäà÷åé, ò.å. çàäà÷ó äëÿ
óðàâíåíèÿ a S áåñêîíå÷íûé ðàçîìêíóòûé êîíòóð öåëèêîì ðàñïîëîæåííûé â Rδ
îïðåäåëÿåìîãî

yIV + λ4y = F (x, λ), x ∈ (0, 1) (5)

ñ ãðàíè÷íûìè óñëîâèÿìè

y(k)(0, λ) = ϕ̃k(λ); y(k+1)(1, λ) = ψ̃k(λ), (k = 0, 1) (6)

ãäå

F (x, λ) = φ1(x) + λ2φ0(x) + f̃(x, λ), (7)

ïðè÷åì

y(x, λ) =

t∫
0

e−λ
2tv(x, t)dt,

ϕ̃k(λ) =

t∫
0

e−λ
2tϕk(t)dt, (k = 0, 1)

ψ̃k(λ) =

t∫
0

e−λ
2tψk(t)dt, (k = 0, 1).

Ïðèíèìàÿ âî âíèìàíèå, ÷òî ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (5)
óäîâëåòâîðÿþùåå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì ñòðîèòñÿ ñ ïîìîùüþ
ôóíêöèè Ãðèíà, òî â ýòîé ðàáîòå èññëåäóåòñÿ çàäà÷à äëÿ îäíîðîäíîãî óðàâíåíèÿ,
ñîîòâåòñòâóþùåãî óðàâíåíèþ (5), ò.å.

yIV + λ4y = 0, (5′)

ñ ãðàíè÷íûìè óñëîâèÿìè (6).

Ðåøåíèå çàäà÷è (5′), (6) èùåòñÿ â âèäå ñóììû ïîòåíöèàëîâ

y(x, λ) =
4∑

m=1

Km(x, λ)µm(λ), (8)
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ãäå µm(λ) (m = 1, 4) íåèçâåñòíûå ïëîòíîñòè, ïîäëåæàùèå îïðåäåëåíèþ, à Km(x, λ)
(m = 1, 4) ÿäðà ïîòåíöèàëîâ, êîòîðûå îïðåäåëÿþòñÿ ôîðìóëàìè

K1(x, λ) = P (x− ξ, λ)|ξ=0 , K2(x, λ) =
1

λ

∂P (x− ξ, λ)
∂x

∣∣∣∣
ξ=0

,

K3(x, λ) =
1

λ2
∂2P (x− ξ, λ)

∂x2

∣∣∣∣
ξ=1

, K4(x, λ) =
1

λ3
∂3P (x− ξ, λ)

∂x3

∣∣∣∣
x=1

,

ïðè÷åì P (x − ξ, λ) ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ (5) è
îïðåäåëÿåòñÿ ôîðìóëîé

P (x− ξ, λ) = −
√
2

8λ3

{
(1− i)e

√
2

2
λ(1+i)|x−ξ| − (1 + i)e−

√
2

2
(1−i)λ|x−ξ|

}
, (9)

Íåïîñðåäñòâåííîé ïðîâåðêîé äîêàçûâàåòñÿ, ÷òî äëÿ P (x − ξ, λ) è åãî ïðîèçâîäíûõ
èìåþò ìåñòî îöåíêè ∣∣∣∣∂3P (x− ξ, λ)∂xs

∣∣∣∣ ≤ ce−ε|λ||x−ξ|

|λ|3−s
, (s = 0, 3)

ñïðàâåäëèâûå ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà λ ∈ Rδ, ãäå

Rδ =
{
λ : |λ| > R,

π

4
+ δ < argλ <

π

2
− δ
}

Òåïåðü ïîäñòàâëÿÿ (8) â ãðàíè÷íûõ óñëîâèÿõ (6) äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ
ïëîòíîñòåé ïîëó÷èì ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

4∑
m=1

Km(0, λ)µm(λ) = ϕ̃0(λ)

4∑
m=1

K
′
m(0, λ)µm(λ) = ϕ̃1(λ)

4∑
m=1

K
′
m(1, λ)µm(λ) = ψ̃0(λ),

4∑
m=1

K
′′
m(1, λ)µm(λ) = ψ̃1(λ).


(10)

Íåïîñðåäñòâåííîé ïðîâåðêîé äîêàçûâàåòñÿ, ÷òî îïðåäåëèòåëü ñèñòåìû (10)
îòëè÷åí îò íóëÿ ïðè âñåõ λ ∈ Rδ, ò.ê. íóëè îïðåäåëèòåëÿ ñèñòåìû ëåæàò íà
áèññåêòðèñå âòîðîé è ÷åòâåðòîé ÷åòâåðòè êîìïëåêñíîé ïëîñêîñòè. Ñëåäîâàòåëüíî,
ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé (10) èìååò åäèíñòâåííîå ðåøåíèå µm(λ) (m = 1, 4),
êîòîðûå îãðàíè÷åíû ïðè |λ| → ∞ è àíàëèòè÷íû ïðè âñåõ λ ∈ Rδ. Òàêèì îáðàçîì
äîêàçûâàåòñÿ

Òåîðåìà. Åñëè ôóíêöèè, ϕk(t) ψk(t) è (k = 0, 1) ÿâëÿþòñÿ îðèãèíàëàìè â ñìûñëå
[2] êðîìå òîãî ϕk(t) (k = 0, 1) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî 2 − k-ãî, à ψk(t)
(k = 0, 1) äî (1− k)-ãî ïîðÿäêà, òî çàäà÷à (5′) , (6) èìååò åäèíñòâåííîå àíàëèòè÷åñêîå
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ïî λ â Rδ ðåøåíèå y(x, λ), ïðåäñòàâèìîå â âèäå ñóììû ïîòåíöèàëîâ (9), ïëîòíîñòè
µm(λ) (m = 1, 4) êîòîðûõ ÿâëÿþòñÿ àíàëèòè÷åñêèìè îãðàíè÷åííûìè ôóíêöèÿìè ïî
λ â Rδ ôóíêöèÿìè. ×òî êàñàåòñÿ ðåøåíèÿ çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíåíèÿ (5) ñ
îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, êàê ýòî îòìå÷åíî âûøå, ñòðîèòñÿ ñ ïîìîùüþ
ôóíêöèè Ãðèíà, ò.å.

y(x, λ;F ) =

1∫
0

G(x, ξ, λ)F (ξ, λ)dξ, (11)

ãäå G(x, ξ, λ) = P (x − ξ, λ) − Q(x, ξ, λ), ïðè÷åì P (x − ξ, λ) ôóíäàìåíòàëüíîå
ðåøåíèå, à Q(x, ξ, λ) ðåãóëÿðíàÿ ÷àñòü ôóíêöèè Ãðèíà. Â ñèëó ñâîéñòâà ôóíêöèè
Ãðèíà ïîëó÷àåòñÿ, ÷òî Q(x, ξ, λ) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5′), óäîâëåòâîðÿþùåå
ãðàíè÷íûì óñëîâèÿì

dkQ(x, ξ, λ)

dxk

∣∣∣∣
x=0

=
dkP (x,−ξ, λ)

dxk

∣∣∣∣
x=0

, (k = 0, 1),

dk+1Q(x, ξ, λ)

dxk+1

∣∣∣∣
x=1

=
dk+1P (x− ξ, λ)

dxk+1

∣∣∣∣
x=1

(k = 0, 1). (12)

Êàê ýòî ñêàçàíî âûøå, ðåøåíèå çàäà÷è (5′), (14) èùåòñÿ â âèäå ñóììû ïîòåíöèàëîâ
(9), ïëîòíîñòè νk(ξ, λ) (k = 1, 4), êîòîðûõ áóäóò ðåøåíèåì ñèñòåìû àëãåáðàè÷åñêèõ
óðàâíåíèé (10) ñ ïðàâûìè ÷àñòÿìè (12)

Òàêèì îáðàçîì, äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü àíàëèòè÷åñêîãî ïî
λ â Rδ ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è (5), (6) ñîîòâåòñòâóþùåé ñìåøàííîé çàäà÷å (1) -
(3), êîòîðîå ïðåäñòàâëÿåòñÿ â âèäå ñóììû ðåøåíèé çàäà÷ (5′), (6) è (5) ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè, ò.å.

Y (x, λ;F ;ϕ) = Y1(x, λ) + Y2(x, λ;F ),

ãäå Y1(x, λ) ðåøåíèå çàäà÷è (5′) , (6) à Y2(x, λ;F ) ðåøåíèå çàäà÷è (5) ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè ñîîòâåòñòâóþùèìè óñëîâèÿìè (6).
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